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ABSTRACT

BREAKING THE CYCLE OF UNDERACHIEVEMENT:
AN EXAMPLE FROM SCHOOL MATHEMATICS

FEBRUARY 1990

MICHAEL J. FRONING, B.S., UNIVERSITY OF NOTRE DAME
M.A.T., THE JOHNS HOPKINS UNIVERSITY
Ed.D., UNIVERSITY OF MASSACHUSETTS

Directed by:

Professor Portia C. Elliott

There is an inherent contradiction in a system of education in
which a significant number of those who are to be taught, do not learn.
The schools in the United States have contributed to a generations long
pattern of non-achievement which contributes to many of society’s ills.
The author contends that many of these underachieving students have
more ability than they are able to demonstrate easily.

An experiment

was conducted that empowered remedial mathematics students to pursue
some mathematical problems in depth by removing the dual obstacles of
poor computational skills and the lack of confidence that their
computations produce correct answers.
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CHAPTER 1

REMEDIAL MATHEMATICS IN THE SCHOOLS AND SOCIETY

Introduction

The United States is running the risk of creating an underclass of
under-educated citizens destined to become permanent burdens on the
society.

In an increasingly technological society we find the

contradiction of enormous resources spent on education existing at the
same time that we find large groups of people who are so unsuccessful
at learning that even after years of school they are still functionally
illiterate.

Untrained and uneducated, they cannot participate in the

society at a level which is their due and so, under-employed, or worse,
unemployed, they are effectively excluded and disenfranchised from the
larger society.

No democratic society can take power away from large

groups of its citizens and hope to retain its democracy.

And yet, if

one reads the statistics, a frighteningly large minority of our
teenagers fall into the category of illiterate.

Who can forget the

picture on the evening news of the nearly seven-foot tall basketball
player literally squeezed into a desk in a Chicago elementary school
trying to learn to read after having graduated from both high school
and college?
How is this possible?

From Jefferson to Conant in this country

and from many other parts of the world, thinkers, politicians,
educators and our nation’s leaders have affirmed the necessity of
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having an educated populace.

In words attributed to Henry, Baron

Brougham, "Education makes a people easy to lead, but difficult to
drive; easy to govern, but impossible to enslave."

It was John, the

Apostle of Jesus, who said, "The truth shall make you free."[St. John
viii. 32]

Even more to the point, the National Commission on

Excellence quotes Thomas Jefferson in the A Nation At Risk report:

I know of no safe depository of the ultimate powers of
society but the people themselves; and if we think them not
enlightened enough to exercise their control with a wholesome
discretion, the remedy is not to take it from them but to
inform them of their discretion.

President John Adams said, "The preservation of the means of
knowledge among the lowest ranks is of more importance to the public
than all the property of all the rich men in the country.
to read, think, speak and write."[Seldes, 1985]

Let us dare

On the other hand,

Martin Borman, a henchman of Hitler, said that "every educated person
is a future enemy."
And yet,

in the face of these sentiments, the Commission on

Excellence further reported that

some 23 million American adults are functionally
illiterate by the simplest tests of everyday reading,
writing, and comprehension.
About 13 percent of al
y
olds in the United States can be considered functionally
illiterate.
Functional illiteracy among minority youth may
run as high as 40 percent.

The Give the Gift of Literacy Foundation says there are 13 million
illiterate adults, but 76 million lack functional literacy skills.
million students drop out of school each year.
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A

Classroom teachers read these numbers and feel the weight of
failure.

These adults and teenagers are, after all, the products of

the nation’s schools, their classrooms, their lessons, their years of
work and energy.

The people of the country wonder what is wrong with

the schools and blame the teachers.

The teachers are embarrassed by

the inadequacies of their former students.

The illiterate citizens are

discouraged and sometimes enraged at the level of their exclusion from
the society.

They cost the nation billions of dollars annually in

welfare payments, unemployment compensation, criminal activities,
unearned tax revenues and remedial training.
This underclass has several common characteristics.
cannot read well.

First, they

Their reception of information about the society is

limited, most likely to listening to the radio or watching television.
This is illustrated by the following passage from a Give the Gift of
Literacy Foundation pamphlet.

A 42 year-old west coast mother of two, unable to read
product labels or, in many cases, identify the product,
watched TV commercials to become familiar with brand names.
When one of her children suffered an upset stomach, the
mother administered a dose of pink dishwashing liquid - under
the impression that it was Pepto-Bismol.

Of course, poor reading skills often go hand in hand with poor
listening skills because the relationships between words are not well
developed.

What is heard is often misinterpreted, thus, later

distorted and cannot be checked by referral to the written version.
Those who do not listen or read well also do not speak well.

They

speak from uninformed, or poorly formed, positions, and so, often lose
their representation in a society which itself does not listen well.
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The connection between poor language skills and poor thinking skills is
clear.

It also must be clear that the person who cannot read or think

or listen suffers a great deal in a society, like ours, which traffics
in words written and spoken.

Product labels and warnings, election

ballots, instruction manuals, newspapers and other written and visual
messages make the society move, react and understand.

A person who

uses words poorly in whatever way is likely to be effectively excluded
from mainstream participation in the society.
The people in this underclass have skills with numbers that are
just as poor and thus, they have difficulty in a world of work
increasingly dominated by computers and computer applications.
Mathematics and numbers are very difficult to avoid in the United
States.

On civil service tests not requiring algebra, those who have

had algebra and geometry have been shown to score 25% higher.
[Kogelman, 1978]

Tests by employers which include math are common and

so those who cannot do well are limited in the kinds of jobs they can
apply for.

"... arithmetic will not go away and leave you alone after

you are paroled from the schoolroom.

All life long it keeps popping up

..." [Froman, 1974] Unsuccessful learning in mathematics puts people at
a distinct disadvantage in life.
The poorly educated, the underachievers, the dysfunctional
students are a problem for the country.

Their lack of "school skills

is matched only by their lack of thinking skills and the level of
anxiety they live with as a result.

In his classic book HowJ^lidren

Fail, John Holt made clear what these people were like in school.

4

For children, the central business of school is not learning;
it is getting daily tasks done, or at least out of the way,
with a minimum of effort and unpleasantness.
The poor student does not know most of the time whether he or
she understands or not.
What hampers their thinking, what drives them Into the narrow
and defensive strategies, is a feeling they must please the
grownups at all costs.
Even in the kindest and gentlest of schools, children are
afraid (of failure), many of them a great deal of the time,
some of them almost all of the time. This is a hard fact of
life to deal with.
The strategies of most of these kids have been consistently
self-centered, self-protective, aimed above all else at
avoiding trouble, embarrassment, punishment, disapproval, or
loss of status. This is particularly true of the ones who
have had a tough time in school.

This author’s perspective comes from 25 years in educating high
school and junior high school students, hundreds of whom have been
years behind their age group in mathematics.

It is a contention of his

and a result of his work that the main reasons these students have a
difficult time in mathematics are simple and direct.
the statements earlier in this paper.
listen well.

They think poorly.

They are based on

These students neither read nor

And much of the time they get the

wrong answer when they try to calculate.

Their peers could do things

two years ago that they still cannot seem to master.

So, of course,

when they try to solve a problem that depends on having correct
information, and the correct information has to come from their own
calculations, then the inevitable happens.

Their calculations are

wrong, which in turn leads to their thinking going astray.

From false

conclusions, anything follows!
And what of the other main participants in school life, the
teachers?

What is their role in the development of so many
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undereducated students?

Holt claims that the natural intelligence and

inquisitiveness of the very young is destroyed by the "process" of
education.
We destroy this capacity above all by making them afraid of
not doing what other people want, of not pleasing, of making
mistakes, of failing, of being wrong. Thus we make them
afraid to gamble, afraid to experiment, afraid to try the
difficult and the unknown. We use these fears as handles to
manipulate them and get them to do what we want.
We encourage children to act stupidly, not only by scaring
and confusing them, but by boring them, by filling up their
days with dull, repetitive tasks that make little or no claim
on their attention or demands on their intelligence.

Harsh words, certainly, but impassioned and spoken from long
experience.

They speak to the process of recovery from the educational

situation the United States finds itself in:

under fire from all

quarters, under pressure to reform, to "catch up with the Japanese
the Russians, or ...).

(or

There can be no other remedy for this

predicament, save quality education.

The profession of educators must

learn how to coax and encourage and demand more successful learning
from students.

The individual teacher must learn and practice those

teaching strategies and develop those attitudes which have the
greatest chance of decreasing the number of citizens who are
effectively imprisoned by their lack of successful learning in the
major subject areas.

The subject matter teachers must capture the

attention and enthusiasm of even the most recalcitrant students.
Mathematics teachers like all others must be a part of the solution.
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The Problem

It is the author’s experience that mathematics teachers are more
dependent than most others on the textbook as a curriculum guide.
good or bad it is a fact of his long experience.

For

A review of textbooks

currently available (see list in bibliography) for the teaching of
mathematics to remedial students in the secondary schools reveals a
near total neglect of the higher order thinking skills by their
authors.

These texts, almost universally, have an emphasis on

algorithm and drill.

This forces students into patterns of memory-

based learning that are actual barriers to their use of their
mathematical skills to help them think about solving problems in
mathematics.

They do not experience concepts of number and shape in

ways that help them grow intellectually from the experience of learning
mathematics.

From John Holt in the 1960’s to Mark Driscoll in the

1980’s educators have insisted that the real test of student learning
comes when their ability to think is challenged by their classroom
experience.
There are few arithmetic level mathematics curricula that
emphasize the development of concepts and thinking skills along with
computational skills.

Those written for elementary students, that is

those written for first time learners, may be excused somewhat because
of the age of their students.

The materials must be more concrete

because of the age group. But those written for older students who are
now remedial students are written the same way.

It seems that the

style of the materials is somehow related to the level of the topic.
The thinking seems to be that arithmetic is the most fundamental
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mathematics course, therefore the materials to teach it need to be at
the most fundamental level.
consistently.

We choose drill over thought,

And the point is that this choice, so commonly made, is

made at the expense of both.
nor the thinking.

The students learn neither the algorithms

"It takes daring and inspired teachers to stand up

against such forces." [Froman, 1974]
Most remedial students at the secondary level have been taught the
algorithms before.

Some have been taught them many times.

They are

supposed to know them; the curriculum and the society at large demand
this.

Some even know how to do many arithmetic problems.

Given a

worksheet and a hint or two they can work through the exercises.
they probably cannot do them without help.

But,

They do not know how to

apply their limited knowledge to new situations which are not exactly
like the ones on the worksheets.
try the ideas they may have.

They do not have the confidence to

Often, when they do try, they perform

some operation wrong and the result leads them to a false conclusion,
further eroding their confidence.

And so, they remain behind their

peers who can apply that knowledge.

The underachievers do not have

access to the higher order thinking skills they need to move on to a
mathematics curriculum that is more normal for their age group.
fact, we do not know if they have these skills or not.

In

What is clear

however, is that they do not have easy access to them.
There are other students who are at this remedial stage because
they have not learned their basic arithmetic facts.
behind.forever because they cannot do arithmetic!

They risk being
Other remedial

students suffer from a lack of schooling altogether, being recent
immigrants to the nation.

Some of these, and many "native-born"
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students as well,

lack sufficient English language skills, to think

about mathematics in the same language in which they are learning (i.e.
their deficiencies are in the same language their teacher uses to
teach), and so have trouble processing what they are learning.
students miss the

These

big picture" because they are so caught up in their

daily struggle to memorize what is being taught.
For example, it is relatively easy to learn to catch a baseball
with a fielder’s mitt.
and to swing a bat.

It is also easy to learn to throw the baseball

These are skills to be drilled over and over, like

the algorithms of arithmetic.

But the real learning takes place only

when these individual skills are used to play the game.

Then the

skills must be used automatically as aids to much higher order
processes.
To extend the sports analogy, students at this level, who are
often force fed drill and practice exercises, need instead the kind of
practice involved in learning to triple jump for the track team.

This

is an event in which skill, understanding and artistry combine to
generate success.

Hours and hours are spent practicing the component

parts of the jump (the approach, the take-off, the hop, the step, the
jump and the landing) individually.

But, the triple jump only makes

its impact, only becomes the beautiful thing it is, when its parts are
put together into a flowing aesthetic whole.

Then the athlete begins

to comprehend the event and can begin to improve.

Then all the drill

begins to make sense.
The remedial mathematics classroom is similar, except that
apparently the curriculum writers and textbook authors have forgotten
about playing the game or scoring in the track meet.
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They keep trying

to teach the skills (adding, subtracting, etc.) as ends in themselves.
There are only workouts, no competitions, no games in which to test the
skills of the players.

There is missing in most of these remedial

curricula the idea of wholeness that would allow students to see that
the skills they are learning have a higher purpose which involves
thinking and growth.

There is the lack of a holistic view of

mathematics that might have the potential to give students a larger
picture of what they are studying were it applied to the developing of
curriculum materials.

This is not to say that remedial curricula do

not contain applications, but it is to hint at the idea that
applications, as they are usually understood, should not necessarily be
the goal of the courses.
mathematics.

Rather, the goal must be the doing of

This involves applying already acquired knowledge, but it

does not require applications in the sense in which the word is usually
used.

Typically, "applications" means word problems about how many

three dollar tickets were sold if the total amount of money received
was $279.

Problems like these are verbal arithmetic, not problems that

involve growth producing thought.

The thought that is involved comes

from translating the English sentences into numerical problems that can
then be solved.

This author is more interested in the growth that

comes from taking a finite set of mathematical information and using it
to extend the set.
There is another factor at work here.

For many unsuccessful

students there is a real fear of mathematics.
anxiety, or “mathphobia-, or “dyscalcul ia".

Some call it “math
For many students this

fear is unchecked, unrecognized and not dealt with.

Unfortunately,

not dealt with the fear is a near paralyzing factor in the mathematical
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growth of the student.

However, once recognized (by either teacher or

student) and then worked on, researchers report that significant gains
can be made in both achievement and anxiety reduction. [Fitzgerald,
1984; McTeer,

1983; Piggott,

1985; Trent, 1985; Voit, 1985]

Non-

pathological fears often disappear once a person has a chance to
practice and succeed at the fear-producing activity.
are afraid of the water, and yet learn to swim.
heights, or dogs, or crowds.

Many young people

Others are afraid of

Most of us can rid ourselves of these

fears by gradually getting used to the activity or place - de¬
sensitizing ourselves.

Should mathematics be any different?

The mathematics teacher of remedial high school students has two
major tasks.

One is more apparent than the other.

First, the teacher

must try to make some mathematical progress with the students.

The

teacher must try to improve the general skill level of the students and
move them further along the spectrum of mathematics from arithmetic
towards calculus.

This is to insure their passage through "the

critical filter" (phrase attributed to Lucy Sells) of mathematics.
That this filter is important has been made clear in recent years by
researchers dealing with the roles of women and minorities in
mathematics.

[Chipman, 1985; Jacobs, 1978; Sells, 1974]

Time and again

they write of women and minorities being excluded from participation in
the scientific professions because of their lack of preparation in
mathematics.

Sells claims that a majority of college majors now

require mathematics (mostly calculus).

Thus, to a large degree, the

high school students who do not take a full four years of mathematics
are putting themselves in positions of weakness in terms of their
career options.

These options are limited not only for women and
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minorities, but for every student.

And the most important limiting

factor is lack of preparation in mathematics.
Second, the teacher has the opportunity (and obligation) to
improve the mathematical thinking capacity of the students.

At the

same time they are doing this teachers must be reducing the level of
anxiety students have about being able to succeed at mathematics.
Students who cannot think about the mathematics they do are reduced to
rote learning of algorithms.

If their problems do not yield to

whatever simple analytic procedure they have learned they cannot solve
them.

Robert Froman in his book Arithmetic For Human Beings speaks

about the "debilitating effects of textbook arithmetic."

He claims

that:

The schoolroom experience of arithmetic is much like what
continues to short-circuit many adult minds in later years.
For such adults that experience has made unquestionable the
belief that in any arithmetic question the numbers involved
are all-important.
Lewis and Green in Thinking Better claim:

When your mind has been trained to think correctly about any
task, confidence remains high and anxiety stays low, while
difficulties, confusion, and complexities are far more
readily resolved.

Driscoll (1982) quotes an unpublished paper by Jack Lochhead from
the University of Massachusetts.

successful remedial programs must be quite different from
the typical general mathematics program. In such programs,
"students must be shaken out of the memorUe-regurgUate
cycle," they must "place major emphasis on getting stude
to think actively."
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It is important at this point to discuss in more detail the
relationship between teachers and their textbooks.

Any teacher’s use

of a text ranges from a simple source of problems to an almost complete
curriculum.

Poorly trained, uncertified, or just plain lazy teachers

tend to use texts as if they were bibles, giving work from them
wholesale.

Probably most teachers across the nation rely heavily textbooks as
the shapers of the curriculum, yet theorists call for teachers to
tailor the curriculum to students, local conditions, and currently
relevant matters; few curriculum theorists address the matter of
textbooks. [McCutcheon, 1985]

Unfortunately there are many teachers teaching mathematics at the
secondary level who are either uncertified or who are teaching outside
their major subject area.
students.

They need textbooks almost more than the

A long passage from Theodore Sizer’s book Horace’s

Compromise ably makes this point.

He describes his first year of high

school teaching as a newly appointed English teacher assigned to teach
two sections of Algebra.

Being modestly successful at using

mathematics in school and as a gunnery officer in the Army he decided
he could succeed with a combination of bravado and a particularly
helpful wife "who was good at algebra".

His "salvation was the

textbooks, the answer books, and my wife ..."

The students did learn what was in the text, and the text,
fortunately, for its time was an excellent one ... My cover
came close to being blown only once. A problem emerged late
in the Algebra II course for which even my competent wife
could not get an answer ... The students in my classes
learned mathematical operations pretty well. They learned
virtually nothing about mathematical inquiry or mathematical
thinkinq, because I knew virtually nothing about these
things ... Competent drones were the best I could hope or
My experience would be irrelevant, except that it
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represents a sadly common situation. Many high school
teachers ... teach, as I did, from day to day, and the
textbook is the source of everything.

Perhaps it is dangerous to infer too much from this story, but it
does illustrate a dilemma of mathematics educators (and educators in
general).

We do not want to encourage wholesale reliance on textbooks,

yet we know that the better and more complete a text is the more
students from the classes of the Mr. Sizers of the world will learn in
spite of the teacher.

The fact that the students in that class did not

learn anything about inquiry and thinking could possibly be remedied if
the text materials themselves encouraged such activities.

In addition,

if the materials in the text were subtly self-teaching, the teacher who
knew nothing of mathematical inquiry might learn something as well.
Thus, if it is important that remedial students be taught thinking
skills as well as computational ones, and if we know that most
textbooks are not designed to do that and, if we also know that many
teachers themselves are not trained to teach the thinking skills, or
cannot themselves use the skills well, and, if we believe that the
process of thinking is the key to overcoming the difficulties of
learning, then the problem becomes clear.

Materials, strategies and

pedagogy are needed which students can use at the remedial arithmetic
level which reinforce computational skills but which also force the
students to think about and analyze the mathematics they are learning.
Certainly this kind of approach is necessary for all students, but, it
is claimed here, it is crucial for remedial students.

This approach is

not one that is con»only used for remedial students at the secondary

level.

to the contrary, it is one which is commonly avoided for
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students who are not already at the stage of being able to think about
and analyze their work.

It is important to re-state that the process

of being able to think about what one is learning is insurance against
persistent failure to master the subject.
The central question examined by the study here described was: Can
remedial students break out of their patterns of failure and begin to
learn mathematics heretofore considered beyond them?

An alternative

formation of the question is: Is it necessary to remediate the
mathematical basic skills of learners who are years behind in
mathematics, but show no signs of organic disorders?

The study was

designed to examine the learning behaviors of several high school
students considered to be remedial.

For purposes of this study, that

means the students were at least two years behind the main body of
their peers in their level of mathematics (e.g. a junior just beginning
Algebra One, or a senior who had not yet passed Geometry).
The study involved setting several of these students to rather
long-term mathematical tasks and observing their behaviors while they
worked.

Data on the students’

learning histories was gathered before

the students began, and interviews were conducted before, during and
after the students actually performed their assigned tasks.

The

purpose of the study was to produce a profile of the way remedial
students work at mathematics.

Such a profile might have applications

for textbook writers, for teachers and for other educational planners
who design activities and programs for remedial students in
mathematics and perhaps other academic areas.
The tasks that the students were assigned were significant in that
they were designed to be long-term investigations rather than

15

individual problems or worksheets.

Sufficient data exists that

documents remedial students’ performance on traditional mathematical
problems (see Chapter 2 of this paper).

It has been the conventional

wisdom that these students could not work at the higher order
mathematical tasks of investigating and cataloging results from openended tasks such as were assigned them.

So the experimenter set about

preparing a few such investigations and then providing the students
with the tools to work at them, so that the students’ learning
behaviors could be monitored over a longer period of time than one
class period.
The research strategy used in this study was based on material in
an article by Margaret Eisenhart in which she discusses the use of the
ethnographic research tradition of anthropologists and its possible
role in educational research.[Eisenhart, 1988]

She writes of the

necessity of the researcher, in educational situations, to make a
commitment to be a part of the world of the learner.

The ethnographic

tradition of research relies on the researcher being more than a
collector of objective data.

It is important as well to share the

experience of the learner so that interpretations of the data relate
well to the situations the learner experienced.
Along with test results and other forms of objective data, the
researcher also collects data by observation of the subjects in the
study.

The observer (in this case the author) chose to conduct the

experiment by being the teacher of record, thereby a participant in the
learning processes of the students involved, and also by gathering
written and other data by observing the learning situation.
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Definitions

1.

Underachiever (also remedial student. 1
In this paper the term will describe a high school age student who
is not yet enrolled in the typical Algebra sequence (Algebra I,
Geometry, Algebra II, Pre-calculus, Calculus), or, one who is more
than two years behind peers of the same age in that sequence.
Some call this the

Calculus Track" even though very few students

who are in this track actually take calculus during their high
school years.

The typical student in this sequence is headed for

college and would be ready for calculus upon arrival at university
if they have completed the sequence.

2.

Cognitive level
This will refer to levels as described in Bloom’s taxonomy when he
(and others) classified educational objectives into a hierarchical
set of classes (knowledge, comprehension, application, analysis,
synthesis, evaluation).

The cognitive level of the material will

then refer to the class of the objective which governs the
materials being taught.

Raising the cognitive level will mean

moving further along the scale from knowledge to evaluation.
[Bell,

3.

1978]

Affective Level
This will refer to the levels as described in the work of
Krathwohl, et al., in which educational objectives are classified
according to a system of interest, appreciation, attitude, value
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and adjustment.

Again there has been developed a hierarchical set

of classes of objectives (receiving, responding, valuing,
organization of a system of values, and characterization by a
value or value set).[Bell, 1978]

The affective level of a student

will refer to the class of objective that characterizes the work
of the student.

4.

Volitional Level
This term, described in the work of Portia Elliott at the
University of Massachusetts, refers to the level of will that the
student brings to a body of work.

A student may decide to work as

hard as necessary to solve a particular problem and thus would
have the will to succeed.

A student’s volitional level is the

level of that desire to succeed.

It can be determined both by

observation and questioning.

5.

Learning profile
In this study these words describe an analysis of a student s
learning behaviors that is put together from observations of both
the student and his or her work and also the student’s previous
academic record.
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The Study

In pursuit of the objectives suggested by the problem above a
piece of action research was designed.

The central question of this

research study was the following:

Is it necessary to remediate the mathematical deficiencies of
remedial high school students in order for them to be able to
pursue the study of mathematics at a cognitive level higher
than Bloom’s Comprehension Level?

Subsidiary to this central question are several which outline the
main themes of the study:

1.

What is the cognitive level (i.e. Bloom’s) at which the typical
high school remedial mathematics student pursues the answers to
mathematical questions?

2.

Is there a typical process that these students use to explore the
answers to mathematical questions? If so, then does this process
necessarily follow the student’s mastery of the arithmetic
algorithms, or are they independent?

3.

Can students who lack mastery of the arithmetic skills have access
to arithmetic approaches to solving problems if they have
mechanical means to accomplish the arithmetic tasks?

4.

Can students who lack mastery of the arithmetic skills, but who
are old enough to have experienced attempts to move them into
formal thinking modes use non-concrete approaches to attack
mathematical problems?

The purpose of this study was to gain knowledge relating to the
improvement in mathematical skills by high school students who have a
history of underachievement in school.

Students selected for the study

were typically at least two years behind their age group peers, were
. x

thought by at least one of their mathematics teachers to have
"significant" (no definition of this word was given to the teachers)
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difficulties in learning mathematics.

The study was an attempt to

demonstrate that remedial students (as defined here) have thinking and
problem-solving skills that are unrelated to their previous
achievement in mathematics and that these skills can be brought to the
surface and used by students if they are not required to be skillful at
doing the basic arithmetic algorithms.

Key assumptions underlying this work include:

1. Remedial students (and others) often know more than they can
produce.

This means that a student who does a long division

problem and gets the wrong answer may, in fact, know how to do the
problem.

Knowing how is not enough.

The student must also have

confidence to do well, must have the will to succeed.

We know

that confidence and desire are important concepts in sports, why
not also in intellectual activities?

Why not, indeed?

In this

work the author dealt with high school students who had studied
the arithmetic algorithms many times.
remedial programs.

The students were still in

It was assumed that a remedy was not to teach

the students the algorithms again.
2.

It was also assumed that students involved in this study had no
organic difficulties that were preventing them from succeeding in
mathematics.

3.

These two assumptions led to the key idea that this experiment set
out to verify:

remedial high school students have the

mathematical skills and the learning maturity to successfully do
mathematics that is much more sophisticated than is typically
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expected of them.

What is lacking is technique, arithmetic

skills, and confidence.

If all of these can be provided, then the

student will be able to move forward in his or her study of
mathematics.

The key tasks in preparing for the study were to: 1) find ways
that the students could, given their lack of mastery of basic
mathematical processes, be encouraged to try to work on open-ended
problems, and 2) to find such problems that could engage them for a
long enough time to study their reactions.

This was accomplished by

designing one computer program and finding another through commercial
sources that assisted the students in doing the calculations and
drawings necessary for them to be able to think about how to solve
problems.

In this writer’s opinion it is often the case that remedial

students are most interested in the "quick fix" kind of solution.

It

was an assumption of the study that these students could not work for
very long on any one problem because their arithmetic skills would not
support them.

They could not go very far towards solving a difficult

problem without making an arithmetic mistake that might lead them in
the wrong direction, and furthermore, they knew they would make errors
and that their answers would be wrong.

Their history of poor

achievement had also robbed them of any confidence they might have had
when they were younger and thus, it would be difficult for them to make
good choices in the avenue of approach to solving an open-ended
problem.
The computer programs filled in the gaps for the students.

One,

written especially for the study helped students do long division with
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repeating decimal answers, factor large numbers, find the greatest
common factor (GCF/GCD), and other number theoretical tasks that would
allow them to work on such problems as finding large prime numbers
without the fear of making algorithmic errors.

The other program was

"Geometric Supposer", a program developed at M.I.T. designed to allow
students to explore geometrical concepts by being able to draw and
measure accurately and quickly.

With both programs the idea was to get

students to take the risk of trying to find answers to their questions;
to give students the feeling of personal power that allows their more
competent peers to explore problems and reach conclusions even after
many false starts.
Once the problems were chosen and the tools designed and the
students selected, they were put to work at the tasks.

While they

worked observers stayed with them recording their attempts, collecting
their questions and assisting them in a minimal way when they reached
major stumbling blocks.

The observers’ data was organized and analyzed

by the author to provide background and evidence for the conclusions
described later in this paper.

This approach to observation and data

collection was based on the methods of anthropologists’ ethnographic
research design which includes continuous observation of everything
that happens in the experimental setting.[Elsenhart, 1988)

This

material was then analyzed for content by the author and quantified in
various ways.

All throughout this process attempts were made to

explain the results.

Hypotheses that can explain these results can

become the basis for future research studies.[Kenyon, 1987]

22

Pe 11 citations

of

the Study

To make the study manageable the researcher made the following
delimitations: first, in as careful a way as possible, only academic
reasons for a student being in a remedial situation were considered.
This means that students who had been identified as having learning
disabilities (i.e. tested and found to have dyslexia, attention deficit
disorder, or other similar difficulties) were not chosen as
participants.

This study had no objectives involving the correction of

organic learning difficulties.

It has been made clear, from a

historical perspective, that there is a myriad of reasons for a
student to be behind in school.

They range from socio-economic ones

(e.g. poorer families can afford fewer books than richer ones), to
political (minorities in this country have been systematically excluded
from the mainstream educational process), to psychological (anxiety
about numerical processes is only recently being recognized for the
crippling educational disease it is).
behind their peers.

Their teachers and counselors did not have

specific explanations for why.
why.

The students in this study were

The students themselves did not know

The students were discouraged, their teachers had the feeling

that these students could do better.
Second, the size of the population was kept small so that the data
collection would be manageable, but also so that the researcher could
be involved in a qualitative way with every aspect of the study.

Only

in this way would the writing about the experiment have the vitality
necessary to make the results stand out from other studies of remedial
mathematics students which have had minimal impact on the mathematics
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community (consider in particular, the research of Mahesh Sharma, whose
narrow clinical focus precludes a wide reading of his results).
Third, materials used in the study were narrowly focused.

They

were units of work which had an arithmetic base (formal geometry was
not included), and which required a great deal of computation to
complete.

Of necessity, then, considering their abilities, the

students needed to rely on computers and calculators to help them
through the work and indeed these were constantly available to them.
Fourth, the size of the study precluded having a representative
sample of the many constituent groups making up the population of
underachieving mathematics students in any high school.

However, a

balance of males and females were chosen as well as white and minority
students.

This selection does not make the results generalizable to

any group in particular, but it prevented the study from being
discounted easily on the grounds of poor sample selection.

Chapter Outline

In Chapter 2 of this work will be found a review of relevant
literature on the subjects that make up the heart of this paper.

In

that chapter one will find a discussion of past research on the needs
of remedial mathematics students, a survey of current and recent
textbooks used in the teaching of remedial high school mathematics and
a review of theoretical bases which led to the experimental design of
the piece of action research described herein.

24

Chapter 3 contains a complete description of the piece of research
this paper described.

This chapter spells out the design of the

project along with its methodological underpinnings, the selection of
materials and subjects, and the collection of data.

The experiment

will be described as a study of a small number of remedial high school
students as they work on a set of rather open-ended problems which, it
is claimed here, would normally be considered beyond their
capabilities.

Computers will be used to provide arithmetic accuracy

the students could not provide.

Observations of the students at work

and examination of their previous records will be used to provide data
for analysis.
In Chapter 4 this data will be analyzed in light of the questions
raised in this chapter.

Observed data will be meshed with material

from the students’ previous school records to enable the researcher
study the work of the students in perspective.
The paper concludes with a final chapter containing conclusions
and recommendations based on the study and its results.
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CHAPTER 2

A TEACHER’S SEARCH FOR GUIDANCE: REVIEWING THE LITERATURE

A review of current and recent literature was conducted as part of
the study.

It was based on the line of reasoning below.

It is not

expected that these statements be controversial or even that they be
less than obvious.

They serve merely to focus the discussion.

In a

larger sense they constituted the author’s biases as the study began.
Any study of this kind has such built-in biases.
different.

This one is no

The author’s search for reasons behind the failure of so

many high school students to be able to do mathematics which depends on
arithmetic led him to question the programs designed to teach them the
arithmetic they supposedly need.

These statements gave form to the

questions.

.

It is important for students to succeed at
arithmetic.

2

.

A significant number of secondary students do not
succeed in their study of mathematics either at or
beyond arithmetic (or, equivalently, do not take courses
beyond that level).

3.

Curriculum materials for courses at the arithmetic level
are designed primarily to reinforce the basic
operational algorithms.

4.

Students cannot be successful in mathematics at levels
higher than arithmetic unless they can apply their basic
skills (the arithmetical algorithms) to new situations.

1

5.

But in fact, this requires that the students be either
at, or approaching the stage of formal thinking, si
this is the stage at which they will be able to do the
analytical thinking required to move ahead to higher
levels of mathematics.

26

This line of reasoning led to the formation of a series of
research questions which guided the development of this paper.

1.

What is the cognitive level (i.e. Bloom’s) at which the
typical high school remedial mathematics student pursues
the answers to mathematical questions?

2.

Is there a typical process that these students use to
explore the answers to mathematical questions? If so,
then does this process necessarily follow the student’s
mastery of the arithmetic algorithms, or are they
independent?

3.

Can students who lack mastery of the arithmetic skills
have access to arithmetic approaches to solving problems
if they have mechanical means to accomplish the
arithmetic tasks?

4.

Can students who lack mastery of the arithmetic skills,
but who are old enough to have experienced attempts to
move them into formal thinking modes use non-concrete
approaches to attack mathematical problems?

What follows is a more detailed look at each of the points and
questions listed above.

Each point is listed separately with comments

and discussion following.

1.

It is important for students to succeed at arithmetic.

The most radical suggestion along these lines comes from Mortimer
Adler and his Paideia Group who call for all students to have the same
curriculum in school and say that this curriculum, "... beginning with
simple arithmetic in the first grade, should rise to at least one year
of calculus." [Adler, 1982]

He decries the "inadequate and fragmentary

... knowledge offered to a large majority of those now graduating from
high school."

Kogelman and Warren [1978] make a case for the

difficulty people have in avoiding mathematics.
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People can avoid

elevators and crowds, but "math and numbers ... are everywhere. The
only way to avoid these things is to either not do them or have someone
else do them for you."

The kinds of mathematical and technical skills

we need to survive in today’s world escalate daily.[Skolnick, 1982]
The National Council of Teachers of Mathematics in its Agenda for
Action: Recommendations for School Mathematics in the 1980’s has as two
of Its eight major suggestions that:

Recommendation 2: The concept of basic skills in mathematics
must encompass more than computational facility.
Recommendation
students and a
options should
of the student

6: More mathematics must be required of
flexible curriculum with a greater range of
be designed to accommodate the diverse needs
population.

Certainly the members of the National Council are not the only
ones to be calling for more mathematics to be taught to secondary
students.

The National Commission on Excellence in Education in Ihe

Excellence Report [1983], recommends more mathematics for everyone, not
just those who are headed for college.

Groups and individuals who

advocate for women and minorities have insisted for years that
inadequate preparation in mathematics is a major hurdle for anyone who
wants to improve their condition in life.

"The invisible effect of the

high school mathematics filter has important implications for
equalizing job opportunities for women and minorities."[Sells, 1978]
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2.

A significant number of secondary students do not succeed In their
study of mathematics either at or beyond arithmetic (or,
equivalently, do not take courses beyond that level).

It is clear that there are two distinct issues here: success and
course-taking.

They are more than a little related.

Skolnlck [1982]

counts success for each child as a strategy for building
self-confidence which can in turn lead to more adventurous
course-taking by students (women in particular).

The writers

(especially Brush, 1980; Chipman, 1985; Ernest, 1976; Fox, 1981;
Froman,

1974; Kogelman and Warren, 1978) who have investigated the

subjects of mathematics avoidance and anxiety have all pinpointed lack
of self-confidence as a major reason for difficulty with mathematics
learning.

Difficulty in this day and time means quitting for so many

young people.

In 1979 only 64% of the males and 45% of the females

taking the SAT exams expected to have completed 4 years of mathematics.
Since 1978 there has been no significant difference in the percentage
of 17 year-olds who have completed Algebra 2, the typical course for
the age.

In the Fourth Mathematics Assessment of the National

Assessment of Educational Progress 39% of the males and 40% of the
females had completed Algebra 2 before beginning the twelfth grade.

In

ten years the corresponding percentages had increased from 38% for
males and 37% for females.[NCTMc, 1989]

These are our best students

and huge percentages of them are stopping their study of mathematics
too early!
Achievement and success in mathematics have recently come to the
forefront of public attention with the publishing of data from the
Second International Mathematics Study [1985] which showed that eighth
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graders in the United States ranked poorly when compared to other
industrialized nations, and that even our best students (top 5X of 12th
graders) ranked poorly on tests of algebra and calculus.

From Sizer

[1984] comes:

From a 1977-1978 survey in mathematics (National Assessment
of Educational Progress): over 90 percent of the seventeenyear-olds could handle the processes of addition, subtraction
and multiplication; three quarters of them could correctly
multiply 671 by 402.
However, 20 percent could not add 3.57
and 1.2.
Less than a third could find 4 percent of 75.
Only ... forty percent at age seventeen realized that a
marble from a bag containing eight red marbles, seven green
marbles, and six blue marbles, the marble picked is most
likely not red.

3.

Curriculum materials for courses at the arithmetic level are
designed primarily to reinforce the basic operational algorithms.

The texts selected for review came from a much longer list than
appears in the bibliography to this paper.

They were selected because

they represent the kind of selection randomly picked high school
teachers might have at their disposal when given the task of teaching a
class of remedial high school students.
all-inclusive.

The list is certainly not

There are dozens of texts available depending on the

part of the country one is in and how aggressively the texts are
marketed.

Some of the texts are meant for courses in applications

(e.g. Fairbank, 1983. 1985; Lankford. 1983; Wells, 1977).

Most are

primarily for use in developing arithmetic skills, with applications
added as reinforcement material for the skills.

Applications in most

Of the books are simple one-step word problems for which the student
must decide which operation must be used to combine the numbers.
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Thinking skills in all the books are equated with problem-solving
skills and these are taught and practiced by means of solving the word
problems.
As an example of a typical layout, consider the excerpt from
Lankford’s Essential Mathematics which is reproduced in Appendix A.
This is an older text, but it differs little from more recent ones.
Several things stand out.

The reading level is low.

these pages is on the algorithm.
not sufficient for understanding.

The emphasis on

Explanations are given, but they are
Rather, it is hoped that by doing

enough examples the student will gain understanding (practice makes
perfect?).

Ideas and concepts are often taught as separate entities

with little or no connection.

Notice that none of the problems on

page 145 have any need for the skill learned on page 144 (similarly for
pages 145,

146, etc.).

The two word problems at the bottom of page 145

can be solved using a direct application of the rules learned above
them (although a secondary question in problem 35 requires the use of
multiplication).

There is no real need to understand either the

concepts or the algorithms in order to be able to do these pages.

One

only needs to be able to memorize (for a very short time) the patterns
and rules.

Pages from Bernstein, Keedy, Bolster, Lankford [1981],

Gerardi [1983] and others would yield similar results.

Certainly the

cognitive level of these pages and most of the pages in all the other
books reviewed is concrete at most.

There is no pretense of teaching

students to think.
Some books are quite explicit about the authors’ doubts about the
reading abilities of the textbook’s users.

In Fairbank [1985]

"Sentences are short, the syllabic intensity is low and general
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vocabulary consists of familiar words."

Gerardl [1974] claims a

"reading level commensurate with student ability."
longest word in most of the books.

Mathematics is the

It is not that one cannot have a

good text without having a high reading level, it is that the
assumption is clear that students for whom these remedial texts are
written are not able to read.

The authors assume a connection between

arithmetic ability and reading skill, and probably a connection between
arithmetic skill and general intelligence.
One hallmark of effective teachers is that they are not textbook
bound.

They analyze their texts, use what is good and design the rest

of what they do themselves.

There are, sadly, a great number of the

mathematics teachers in this country who depend for their daily lessons
nearly entirely on the (one and only) text they use.

Just one of the

texts reviewed [Lowry, 1985] gives problems that take the students
beyond the algorithms they are practicing.

These problems are only

listed in the Teachers’ Edition as "Chalkboard Challenges".

For

example, instead of asking the student to do problem A, they ask the
student to do the derivative problem B.

A.

B.

Add:

Find the missing digits
_.7
+ 1.4
4.

2.7
+ 1.4

Even though the same algorithm is being studied and learned, the
student doing problem B will think and analyze whereas the student
doing problem A will reproduce a bit of rote learning.

In this respect

perhaps Paul Shoecraft’s Ihe Arithmetic Primer is the most
intellectually honest.

He makes no pretenses about teaching students
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to think, he merely has a quite detailed procedure for teaching the
basic algorithms. His procedure is well thought out and superbly
presented as a system.

He divides each algorithm into a series of

subskills and pretests the students.

By analyzing the student’s work

on the pretest problems it is easily determinable which of the
subski 11s need work.

The student then practices each of the necessary

subski 11s and takes the post-test.
to the next operation.

If successful, the student goes on

As a system for teaching the algorithms to

older students it is unbeatable.

But the students who go through the

program still do not get the opportunity to prove they understand.
They are only allowed to do the algorithms.
Another characteristic that many of these texts have is that their
emphasis on problem-solving or thinking skills is limited to straight
applications of the algorithms to verbally presented situations.

This

is most notable in a text like Lowry’s General Mathematics which is
arguably the best of the lot.

"The problem-solving lessons feature

realistic problems that emphasize everyday applications, mathematics on
the job, consumer mathematics, and computer applications".

Two

randomly selected examples:

Page 47
48.
What is the difference in price between a $37 digital watch
and a $29.85 alarm watch?
Page 147
67.
Ground beef costs $1.50 a pound.
recipe calls for 2 1/2 pounds?

How much will it cost if a

While it does take a certain skill to read these kind of problems
and decide whether to subtract or multiply, and, in the second case to
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decide what "it

refers to.

This skill is one which is not likely to

be rewarded either in this world or the next.
The

Chalkboard Challenges" mentioned above in which students are

asked to perform more advanced skills like analysis are there "to
extend the lesson for your more able students".

These kinds of

problems were not designed by the authors for the remedial students at
all.

There is a clear message being given to teachers to not expect

much of them, to save the good problems for the more able students.
In Driscoll [1982] we find the following:

Research that touches on remediation in secondary school
mathematics leads to one overriding conclusion: in order to
correct and improve students’ mathematical learning, it is
not enough to concentrate on isolated mistakes or on isolated
skills.
Short-term efforts produce, at best, short-term effects, and
we mathematics educators must include careful observation and
diagnosis of the sources of mathematical difficulties and efforts
to change remedial students’ thinking skills and their ways of
approaching mathematics, as well as efforts to remediate their
skills in finding correct mathematical answers.
All of the research cited so far leads to the conclusion
that educators must design remedial programs in which
students are taught to think, to experiment, and discuss.

Recently, a group of researchers in the field of cognitive science
have developed theories of learning that emphasize that knowledge must
be self-constructed.

The way one moves from the novice level to the

expert level is not by explanations but by gaining expertise.
"Knowledge is something that learners must construct for
themselves."[Blaise,

1988]

A thorough study of these texts shows clearly that the major
objective of the current crop of text writers for remedial students in
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mathematics is to be sure that students master their "basic skills".
It is also clear that thinking is not considered by them to be a basic
skill.

It is also clear that none of the authors has as a major goal

the mathematical development of the student.

They seem to be content

to have the concrete operational skills of the students improved and
strengthened without contributing to the maturing of the students into
people with formal thinking skills.

As Sizer pointed out earlier, we

run the risk of producing students who can do worksheets, but who
cannot think about what they are doing.

4.

Students cannot be successful In mathematics at levels higher than
arithmetic unless they can apply their basic skills (the
arithmetical algorithms) to new situations.
"Mathematics is the queen of the sciences, and arithmetic the
queen of mathematics.'* - C. F. Gauss

Many students cannot use the computational algorithms they know to
solve problems. [Drlscol 1, 1982]

That Is, they can do the arithmetic,

but cannot apply that arithmetic to solve higher level problems.
Bruner [1971] expresses his impression that anything different from
"the usual approach to natural numbers and their mechanical
manipulation has the effect of freshening the student’s taste for
discovering things for himself."

This is an extension of the problem

for it is assumed by Bruner that facility with number and computation
can be used to attack the higher order skills of mathematics and to
give students the freedom to think and discover.

In an article in

Developing Computational Skills. Hamrick and McKi11 ip list four reasons
for having (and thus teaching) computational skills:

(1) They

facilitate meaningful learning of both concepts and more advanced
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skills;

(2) They help pupils understand arithmetic operations and

their applications;

(3) They facilitate the exploration of topics,

generalizations from data, and the recognition of generalizations;
(4) They have considerable social utility.

No longer do we confront a child with a new idea using
the adult level of a written algorithm and expecting him to
memorize it.
Rather, we recognize that the development of
mathematical concepts is a growth process going from levels
of working with manipulative materials through various levels
of working with abstract symbols. [Gibb, 1959]

Mathematics is a sequential, well-ordered subject.

A student

with poor computational skills cannot expect to be able to succeed at
higher levels.

On the other hand, a student who leaves the arithmetic

phase of study is not guaranteed to have the thinking skills and
abstract reasoning ability so necessary for success in the more
abstract courses such as geometry and algebra.

Thus, there exists a

dilemma in the sense that students must use the arithmetic skills to
proceed further in mathematics, but having them does not equate with
success.

The difficulty may lie in that we teach mathematics in the

wrong order.

The true teacher "imparts an understanding of the basic

principles of the art before going on to the meticulous details .
[Zukav,

1984]

Blaise (1988) quotes Dewey as saying, "Only by wrestling with the
conditions of the problem at first hand, seeking and finding his own
way out, does he think."

Piaget is quoted in the same article:

The

goal of intellectual education ... is in learning to master the truth
by oneself."
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5

But, in fact, this requires that the students be either at or
approaching the stage of formal thinking since this is the stage
at which they will be able to do the analytical thinking required
to move on to higher levels of mathematics.

The concrete operational skills delineated by Piaget and his
followers are indeed enough so that students can learn arithmetic at
the computational level.

But certainly, they are not enough to succeed

at mathematics in the high school.

Mehl [1960] insists that basic

students should not be deprived of the kind of teaching that fosters
understanding and appreciation of mathematical concepts.

Kogelman and

Warren [1978] suggest that the idea of mathematics as a list of
formulas and processes to be memorized is destructive to the student
who is having difficulty learning.

They say that students must be

creative, intuitive and thoughtful in order to succeed at math.
One of the "Tenets on the Teaching of Computation" of the National
Council of Teachers of Mathematics is that:

Computation needs to be continually related to the concepts
of the operations and both concepts and skills should be
developed in the context of real-world applications.

This tenet indicates that the use of computation is related to
concept and applications and is not strictly a concrete function, a
fixed skill.
science.

To paraphrase Copeland [1970]: Mathematics is a deductive

The process of logical deduction is central to the subject.

He says that Piaget concluded that logical processes are at a very
imperfect stage up to ages of seven or eight and that there must be a
long transitional period before deduction can be properly handled.
Surely, this indicates the absolute necessity of formal thinking skills
for students to be successful at learning mathematics.
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The thrust of this review Is that for years we mathematics
teachers have assumed that what remedial students need is more
remediation, more skill building, more worksheets.

The suggestion made

by the above line of reasoning is that we should be teaching more
thinking skills, more problem-solving skills to basic students.

That

appears to be what is missing from their arsenals, and part of what the
study here was designed to find out.
In the introduction to the working draft of its Curriculum and
Evaluation Standards for School Mathematics, the following paragraph
illustrates the situation in mathematics education in the United States
today:

Although many readers may object to this picture of a
mathematics class as too idealistic or impossible to
accomplish, we are convinced otherwise. The traditions,
assumptions, and constraints underlying current educational
practice must be changed.
In too many schools, teachers find
it impossible to teach such mathematical topics or create
such classroom environments because of the constraints placed
on them.
The mathematics presented in many textbooks is a
vast collection of vaguely related concepts and skills which
are to be mastered in a strict order ... The only apparent
objective is that students become competent at performing a
special algorithmic procedure which yields correct answers on
sets of stereotypical exercises. And student work is
evaluated via paper-and-pencil tests; student thought
processes are not considered. This ... emphasis on paper-andpencil procedural skills, and a simplistic form of evaluation
have effectively separated students from mathematical
reality, inquiry, and intellectual growth. [NCTM, 1987]
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CHAPTER 3

TESTING THE HYPOTHESES IN THE PUBLIC SCHOOLS

Introduction

So many of the young people who are at the remedial stage of
mathematics in secondary school are at that stage not just because they
are behind in their schoolwork.

At the same time they are behind, many

lack the drive, the interest, the motivation, the will and the power to
attack and correct their weaknesses.
hidden though they may be.

Many have the skills to succeed,

But it is not enough to have the skills,

one must also be able to use them.
than that stated in Chapter 1.

Thus, the problem is broader even

It is necessary to do more than just

make students ‘'think" about their work as they do it.

It is also

important to make the learning of mathematics exciting, a journey of
discovery.

The teachers must produce success and motivation in their

students.

They must be builders of confidence as well as provokers of

thought.

Success is a prime building block for confidence.

So the

teacher must provide a successful mathematical experience for the
students who are behind their peers.

This experience must provoke

thought because only when students think about what they are learning
can they use what they have already learned to move on even further.
.. s

Driscoll

[1982] claims that:
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All of the research cited so far leads to the conclusion
educators must design remedial programs in which the students
are taught to think, to experiment, and to discuss.

Programs for remedial students that involve thinking are a far cry
from the ones found in this writer’s review of available texts.

The

ones seen in his 25 years of teaching have been even less satisfying.
Most programs for remedial students so overemphasize calculation
methodology that students lose any opportunity to discover anything
about mathematics except that it enables them to complete worksheets
which even for many of them are mindless.

Thus, part of this study was

to design a sample of such materials that could be used by remedial
students in spite of the students’ arithmetic deficiencies.
Materials themselves were easy enough to come by.

Any experienced

mathematics teacher, given enough time and energy can find appropriate
mathematics for students to study.
however, require something more.

These particular kinds of students,
What to study gives values to one of

the variables in the problem of improving the mathematical achievement
of remedial students.

But, how to study it?

The class of students

sampled by this study have such long histories of failure (more
appropriately, non-success) that a new text, or a new worksheet could
never be the answer.

Even a "new" teacher (that is, one who is

retrained) will not be able to help if the student is not given the
power to succeed.

It is one of the great fallacies in education to

think that students’ learning will improve if we (educators) do things
differently (e.g. retrain ourselves, rewrite our texts, etc.).
the students who must learn things.

It is

Ihey are the ones who must change

The teachers must organize the process of change, of course, but it is
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not the teachers who will do the learning.
they will,

Teachers can change however

if the students do not change, then neither will their

level of learning.
Sometimes it takes teachers many years to understand that the
responsibility for learning can only be borne by the students.
Teachers can only structure and organize the process by which students
gain their knowledge.
taught better

Too often teachers think that if only they

then their students would learn better.

This teacher

believes that the way students learn better is to have better tools for
learning, more power to control their own learning, more guiding and
less "teaching".
This study was about giving students the power to do mathematics.
Students who are good at math seem to have that power naturally.

One

reason is their ability to compute quickly and easily and then to draw
conclusions from the results of their computations.

Good students

usually make good calculations, that is how we teachers know they are
good for the most part.

Poor students make bad calculations and then

they have no chance at drawing correct conclusions.

The mathematical

logic system is unforgiving in Its punishment of those who reason from
false premises.
A key part of this work was finding ways to make the remedial
students’ calculated premises as correct as a "good" student’s might
be.

In other words, how to make remedial students

calculations

correct enough so that they, too, could go about the process of
thinking about what those results could possibly mean?

It is the

author’s experience that so much of the remedial student’s energy is
expended trying get a few calculations correct that little is left to
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power the student’s thinking apparatus.

The teacher, desperate for

something nice to say, praises the hard work on calculation instead of
helping the student think.

This kind of praise falls on the deaf ears

of students who know it means little or nothing.

They still get poor

grades, they are still doing the same kind of work they have been doing
for so many years.
It was also Important to find ways to break remedial students of
the habits of rote memory and blank acceptance of computational
techniques.

These ways would involve materials and strategies that

teachers can use to provoke thought and discovery among their students.
Not pages of drill problems, but rather exercises for the development
of the mind, using only the basic arithmetical skills and other
techniques accessible by remedial high school students.

It was hoped

that by using these materials, and by using known but not widely used
(for remedial students, at least) teaching strategies, and by giving
students the power and confidence to do good mathematics, one could
observe students understanding and thinking about (and maybe even
enjoying) the mathematics they were studying and to thereby have the
potential to break the chains that hold them in their seemingly
permanent places behind the rest of the students.

There is no claim

made here that the writer found a new way to get students to learn
their basic skills.

Rather, the hope was that by enhancing the study

of the basic algorithms of mathematics with the study of some of the
basic problems of mathematics, students would be empowered to go
beyond drill and practice and be able to move ahead to thought and
skill.
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In pursuit of these goals a brief qualitative study was done at a
public high school.
students in their

Involved in this study was an examination of a few
native habitat" (i.e.

learning situation).

While

observing students working with different materials in a supportive
atmosphere, the author tried to develop a model of the confrontation
between the students and the kind of thought-provoking mathematics they
faced.

The problems which made up each student’s tasks were designed

to be rather long-term investigations, ones which the students might
work at for longer than a regular class period.

The students were

given tasks that could best be described as drawing conclusions from
experiments.

The examination, and its analysis provided the

conclusions for the research discussed in this paper.
It was conjectured that the combination of new materials and close
study of the reactions of the students involved might lead to the
conclusion that remedial students could do difficult mathematics.

Once

this has been demonstrated, a model for mathematics educators to use
for attacking the problems of low achievement in the high school might
be able to be developed.

Of course the problem of underachievement

lies not just with mathematics.

That field only happens to be the

field of expertise of this investigator.

As has been described

earlier, this is a problem for all teachers to solve.

In all fields of

endeavour the higher the cognitive level of work a person is involved
in, the better the person becomes at the lower levels of the same work
and the more internalized the basic skills become.

The algorithms

(basic skills) of a subject provide the raw materials for the search
for meaning and understanding.

In high school mathematics classrooms

we must begin to use those raw materials at a much higher cognitive
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level so that the leap to higher levels for these older students who
are still trapped with their algorithms has a chance to happen.

These

students are old enough so that in other areas of their lives they are
nearly adults with nearly adult responsibilities.

But in mathematics

classes (and school in general) they are treated like children, and
given much too elementary tasks to perform.

This study was also about

raising the level of the mathematics these students work with.

It was

about providing a successful environment in which they could work.

It

was about testing whether that approach could change the way these
kinds of students experience mathematics.

After reading about the

experiment it is hoped that some inferences will be able to be drawn by
the reader with regard to student learning in the larger school
setting.

Format and Plan of the Study

The question of whether remedial students, or underachievers, in
any subject can hope to change that status is one this author has
pondered for years.

Is there something so permanent about falling

behind in one’s school achievement that one really cannot hope to undo
the harm that has been done by not succeeding in school on time?

Any

high school teacher knows individuals who, against all odds, have
pulled themselves up to success.
underachievers?

But what about the vast majority of

It was hoped that research could be done that would

provide fuel for the fire started by the argument that it is possible
to break the cycle of failure faced by underachieving students and
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that it can be possible to succeed at school even after a history of
failure.

The study described here was built on the problem as outlined

previously.

It followed a review of current literature as described

earlier in this paper.

The fundamental question to be discussed by

this study is: Is it necessary to remediate the mathematical
deficiencies of remedial high school students in order for them to be
able to pursue the study of mathematics at a cognitive level higher
than Bloom’s Comprehension Level?

An answer of either "yes" or "no" to

that question would have significant impact on mathematics curriculum
planners for years to come.
The attack on this problem was in two areas of a students’ high
school mathematical experience: the kind of mathematical problems such
a student would normally be confronted with, and the kinds of
mathematical tools given to solve the problems.

The study involved

students who were at least two years behind others in their age group
relative to the mathematics courses they had taken.

It was assumed

that the typical mathematics sequence in high school is Algebra I in
ninth grade, followed in succeeding years by Geometry, Algebra II, and
then Precalculus.

Calculus is taught in many high schools, but in

Order to take it a student must begin this sequence earlier, or go
through it quicker.

Many remedial students take mathematics in

"General Math" sequences prior to attempting anything in the calculus
sequence.

The general courses were assumed to precede Algebra I.

The research was designed to examine the following questions.
What is the cognitive level (i.e. Bloom’s) at which the typical
high school remedial mathematics student pursues the answers to
mathematical questions?

46

2.

Is there a typical process that these students use to explore the
answers to mathematical questions? If so, then does this process
necessarily follow the student’s mastery of the arithmetic
algorithms, or are they Independent?

3.

Can students who lack mastery of the arithmetic skills have access
to arithmetic approaches to solving problems if they have
mechanical means to accomplish the arithmetic tasks?

4.

Can students who lack mastery of the arithmetic skills, but who
are old enough to have experienced attempts to move them into
formal thinking modes use non-concrete approaches to attack
mathematical problems?

Design and Organization of the Experiment

As part of this study a curriculum experiment was done which
provided problems for the selected students to do so that their work on
the problems could be observed.

The researcher already had in mind

the kind of materials that were necessary to develop his ideas as
outlined in this paper so far.

As was demonstrated by the review of

current literature in Chapter 2, these materials are not readily
available to the typical classroom mathematics teacher, because they
are not typical of the materials found even in the best of textbooks.
Small bodies of material were put together from a variety of sources.
These were materials chosen primarily for their potential usefulness in
getting students to think about the mathematics they were doing.

No

claim Is made that these are the best such materials or activities.
This experiment was not about the particular materials used, but about
the processes remedial students use to learn.

The problems were chosen

to give the students something to work on that had the potential to
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keep them occupied for at least one hour per problem per student.

Some

of the problems were developed by the researcher prior to the beginning
of the experiment, others were pulled together from commercial sources.
Still other ideas were developed during the day to day work with the
students.
In order to analyze the effect of the ideas presented in this
proposal, it was necessary to maintain close and careful contact with
the students involved in the project, their teachers, and enough of
their peers to make comparisons.

This involved a great deal of

participation in mathematics classes with the students in the
experiment and involved much more than just observation.

It was

important to see how the same students reacted to similar material in
both large and small group instructional settings, for example.

It was

important to discuss the students in the project with their former
teachers to get "outside'’ opinions on the changes in the students (if
any).
This research technique follows the work of cultural
anthropologists who have developed methods of ethnographic research
that are only recently being applied to educational research.
* Eisenhart (1988) describes an interpretivist tradition of ethnographic
research that lent itself particularly well to the problem of examining
the actual work of students and then drawing meaning from the
observations.

She describes a data collection scheme, participant

observation, in which the researcher is both participant (in this case,
teacher) and observer.
Although others were used as observers in this experiment, it was
important that the researcher be a part of the research environment

48

since the observations recorded while the students were at work were so
vital.

It was originally thought that someone else besides this

researcher would be better for the task, so that the researcher would
not also be a participant, thereby coloring the data.

The kind of

material to be worked with in this project was better developed in a
way that allowed for flexibility and quick change and in that respect
it was suitable for the researcher to be also one of the persons
working with the students.

In this format the materials were better

suited to a small group of students such as might be found in a
remedial class or classes.

Selection of Subjects

To approach answers to these questions during the Spring semester
of 1989 potential students were selected from among the remedial
students at a mixed suburban and rural public high school in
Massachusetts.

They were selected based on the following criteria: (1)

each was at least two years behind their age group in mathematics (e.g.
a tenth grader in Pre-algebra, a senior in Geometry); (2) the reasons
each was behind could have been anything except that the student was
developmental!y disabled; (3) each had been identified by a former
mathematics teacher as having more or less chronic problems learning
mathematics (low grades, poor basic skills, consequent lack of effort).
At the beginning of the selection process, a list of all students
met criteria (1) above was produced by examining the course requests of
every student in the target school.
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Some of these students were

currently enrolled in classes labeled as part of the “Non-algebra
Sequence , a set of courses designed for students for whom arithmetic
is a struggle and who are generally not successful in mathematics.

The

courses are Arithmetic, Informal Geometry, Calculators and Computers,
Career Mathematics, Consumer Mathematics, and Pre-algebra.

The

Chapter One program, another remedial program in mathematics was
another source of students.

Other students were selected who were

enrolled in courses in the normal algebra track of courses but who were
behind their age group by at least two years.

The list of high school

students who were enrolled in an upcoming section of Algebra I was
selected as the group to be the experimental one since they would be
scheduled for the Fall as one group.
of potential students.
Algebra I course.
by this writer.

There were 42 on the first list

The school scheduled two sections of the

One, containing seventeen students was to be taught
The other was to be taught by another teacher in the

school and would not be part of the experimental program.
Thus, in the Fall of 1989, a group of 17 remedial high school
students was together during one 45-minute class period daily for work
on the experiment to be explained in the following sections.

Data Collection

Prior to the beginning of the experiment the students were
pre-tested to determine their general level of knowledge about the
subjects to be taught and their attitudes toward learning in general
and toward mathematics in particular.
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The testing done was more to

establish a baseline of students knowledge of the basic arithmetic
algorithms and their attitudes about mathematics rather than to provide
strict statistical data for analysis.

The class the students were

enrolled in gives testimony to the achievement these students had
attained.

This is not to say there may not have been some "diamonds In

the rough", but these students were in high school and had not yet
begun their study of junior high algebra, and were considerably behind
their peers.

The kind of study here was not one that depended heavily

on numerical data, but rather depended more on the strict attention of
the observer(s) and their abilities to see behavioral and mood changes
in the minds and attitudes of the subjects as they were given
instruments and methods of power for learning mathematics.

Pre-testing

for academic matters was done using tests developed by the proposer,
but also using information gathered from the normal testing done by the
school (CTBS, departmental pre-tests, etc.)

The subject matter pre¬

tests were straightforward, simply checking how much of the pertinent
arithmetic the students had mastered already, so that observers of the
students’ work could determine how much they were doing on the spot as
opposed to how much they were recalling from previous learning.

Tests

to determine attitudes and feelings towards mathematics, and perhaps,
learning in general were researched.
were adapted for use in this study.

Several were found to exist, and
Copies of all the tests used may

be found in the Appendix to this proposal.

The tests were designed by

the author and modeled after pre-tests already in use by the math
department at the high school.

Other questions relating to student

attitudes were developed by the author from a collection of questions
relative to students’ attitudes towards mathematics that he has
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gathered from Virginia Bastable and other sources over the years.

Few

of the questions are original, but the individual sources were not
kept.
The researcher spent time with the former mathematics teachers of
each student involved in the experiment, so that the mathematical
learning styles and behaviors of each of the students could be
identified and cataloged.

This allowed the development of clear

baselines of behavior and attitudes for each student before they were
confronted with any experimental material or strategies.

A

mathematical history of each student was prepared by collecting
course-taking data from the student’s permanent records.

Standardized

test scores were recorded along with grades from previous courses and
comments from previous teachers.
It was not the Intention of the study to provide the sole
mathematics instruction for a group of students and then to draw
conclusions based on how well they did in that "course", but rather to
observe their learning behaviors in a variety of situations, and to
experimentally provide them with opportunities to try out mathematics
under conditions that encourage thought and intellectual rigor rather
than drill and practice.

It was important, therefore that the

researcher have knowledge of the "normal" learning behaviors of the
students selected for study.

A primary goal of this research project

was the close examination of the conflict students face as they try to
learn something difficult with only a minimum of background.
struggle itself would be of some interest.

The

It would be helpful to know

how students faced up to the situation as it was set up for them.
Perhaps they would be glad of the challenge, perhaps they would resist,
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or become paralyzingly frustrated.

Perhaps they would not be able to

think, to attack open-ended problems and would give up without much
fight.

Only by face-to-face interviews and by nearly constant

monitoring could these things be recognized and analyzed.
As the study proceeded, each of the students was observed while at
work on mathematical problems with the observer taking notes and making
recordings of data as appropriate.

The observer was either the author

or a mathematics teacher known to the students.

The author conducted

frequent conferences to monitor the students involved in their regular
classes and to compare their attitudes with those of their classmates.
Notes were kept of these conferences and these assisted the researcher
in evaluating the progress of the students and documenting changes in
attitude and behavior.
During an actual work session notations of learning behaviors were
made every five minutes.
questions was gathered.

Also, a complete list of the students’
After each session, the observers were asked

to write a brief narrative of the work session describing their
observations and any interpretations of them that they wished to make.
In addition there were frequent discussions with the students
themselves to gather data relating to their feelings and attitudes
about the kind of learning they were experiencing.

Even though the

number of participants was intentionally small it was important to have
numerical data to support conclusions and to influence the discussions
with students.
Copies of all data collection sheets, tests and other instruments
may be found in Appendices B - F.
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C&llatlng and Analyzing th? pwta

The collection and organization of the data generated during this
project was done in several ways.

First, it was arranged by student so

that a project history of each student participant could be viewed and
studied easily.

This made it easier to discern unique patterns for

individual students.

It (the data) was also arranged according to the

experimental material taught and studied so that patterns of teaching
and learning might be more easily recognized.
It is important to re-emphasize at this point that the study had
been envisioned as small, and because it was small it had a chance to
generate some very important information.

What seemed missing from the

papers read in preparation for this proposal was any account of the
confrontation involved when a remedial student attacked problems that
were too difficult.

What is it that breaks down that prevents a

student from improving?

If in some way that issue can be faced, then

perhaps researchers will be moved a bit further along the path towards
being able to prevent the chronic failure disease which is so
prevalent in our schools.

Methodological Assumptions

The primary assumption underlying this study is that the typical
remedial student in a high school subject has more knowledge of the
subject than he or she can or is willing to demonstrate.

For example,

it has been observed by the author that high school students who arrive
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from other countries to study in the United States often have studied
English for years in their home countries.

However, when they get here

their English seems to desert them, they seem paralyzed when they
attempt to speak, even though, later, their command of the language is
found to be quite good.

It is often possible to justify placing these

students in inappropriate remedial classes because they cannot
demonstrate the knowledge they have immediately upon their arrival.

In

many cases such placements are mistakes based on insufficient or
incorrect information.
These students do not have the history of low achievement that the
.students in this study had but the principle is the same.

The students

under scrutiny in this study have learned much of the basics of the
mathematics they were studying before, sometimes over many years.
After all, long division is taught as early as the third grade and then
reinforced yearly after that.

Vet in their high school arithmetic

class they were still practicing the algorithm, mostly to no avail.
It is the contention of this researcher that many remedial
students already have the skills they need to improve.

This study

attempted to provide a few things they do not normally have: first, a
positive, confidence-building learning situation in which computational
skills were not crucial; second, a push to use their half-buried skills
at a level of thinking in which computational skill (provided by
computers) merely assisted them to do other, perhaps more sophisticated
tasks; third, assistance in doing what computation is necessary so that
the struggle to get the arithmetic correct did not provide an
insurmountable barrier; fourth, a set of raised self-expectations that
they could gain from the level of mathematics they were studying.
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It is important to point out at this stage that the students being
discussed here were not students for whom the necessity for remediation
was the result of any form of retardation, brain injury or damage or
any other organic cause.

This study focused on students whose physical

and mental capacities would appear quite "normal" to the usual
professional observers in the schools.
achievement that made them

It was their reduced level of

stick out", a level of achievement for

which there was no apparent reason.

Limitations of the Study

A study as small as this one had built-in limitations because of
its size.

Its significance may be more psychological than statistical,

since its results may tend to encourage further, larger, funded studies
rather than answer once and for all the questions raised earlier.
sample was small, the experiment limited.
its potency.

The

But, perhaps, therein lay

The size of the study made it easy to control, easy to

observe, possible to understand.

It made the results easily

accessible, if not immediately generalizable.

So, while the study may

have been limited in its scope, the inferences to be drawn from it may
be important.

It lends itself to repetition because the idea behind

the experimental part can be applied to many different settings.

This

would be important if the students in the project were to make gains in
the amount and depth of mathematics they could work with, if they were
(to paraphrase the Japanese colonel in Bridge on the River Kwaj
"happ(ier)" in their work, if they could begin to discuss the
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mathematics they were doing and If, somehow, mathematics began to make
more sense to them.

The observers in this small sample watched for

signs of these behaviors.

In a more formal, larger study those kinds

of behaviors and indicators could be the focus of the entire study.
A small study made it possible to deal with every detail of the
project since data collection was simple to manage.

It was possible as

well to be involved with the participants in a direct way.

One could

envision situations in which this would possibly skew the results.

In

this study, however, it was important to have first hand, subjective
information about the problems and difficulties each of the
participants was having in each learning situation.

Not only did that

knowledge shape the results (and it seems important that it do so), but
also it can help the researcher deepen the quality of the problems,
change the focus of questions being asked, and, in general, make the
study more significant than it might have been.
An important limitation of the study was that it was not a
curriculum project.

There were curriculum tools in use throughout the

project and some were in fact developed so that the subjects of the
study could use them.

Specifically, the author developed a computer

program that allowed the students to pursue in some detail aspects of
number theory and long division so that they could work with accuracy
and in greater depth than they might be able to with pencil and paper.
The study (and this paper) was not about the evaluation of those
materials (and by extension the commercial materials like the
r._fir, Suoooser) or the methods that used them.

The study was meant

to be an examination of the ways students attacked a kind of problem,
their attitudes towards doing "real" mathematics, and their hidden
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resources that might or might not be available to them when they were
no longer required to depend on their own flawed computational skills
to get correct answers.

Sketch of the Study in Action

It will be important for the reader to have a clear picture of the
study in action.

In the following paragraphs is described a typical

session both from the point of view of the student subject and the
observer who gathered the data.
A session would begin with the observers and students relaxing for
a minute or two to relieve any anxieties on the part of the students.
Then the students would be presented with a problem that they probably
had not seen before.
Example: Find the decimal answer to 1 -f- 7. This is the same
problem as finding the decimal for the fraction 1/7. Then
find the decimals for the other "7ths" (2/7, 3/7, 4/7, 5/7,
6/7). What do you notice about them?

Students and observers would then discuss the problem and enough
of the related mathematics so that the students could begin exploring
possible paths of inquiry.

The observers would help the students with

whatever technology the student was going to use (computer, calculator,
ruler and compass, etc.).

Then the students would begin working on the

problem.
The observers would then become true observers.

That is, they

would cease being helpers in the learning process the student was
undertaking and would become instead takers of notes, observers of

58

process.

Especially important was to keep track of every question the

students asked after beginning work.

These were cataloged and grouped

according to their fit in Bloom’s Taxonomy of educational objectives.
The researcher also kept a profile of the way the students worked at
each session they attended.

This Included information on apparent

attitude, body language, side comments from the student, enthusiasm,
and subjective comments about the success (or lack thereof) each
student was experiencing.
This data was then added to the various pre-study data collected
through interviews, examination of the student’s previous records and
the pre- and post-test results.

A complete discussion of the sessions

and all data collected may be found in Chapter 4.
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CHAPTER 4

RESULTS OF THE EXPERIMENTAL WORK

Introduction

This study was begun in the Spring of the 1988-1989 academic year
with the gathering of a group of high school students who were about to
enter Algebra I.

Since this course is typical of Junior High students

(usually ninth graders) these students were seen by their peers and
teachers to be remedial.

By the definition listed earlier (2 or more

years behind their peers) the students were classified as remedial for
the purposes of this study.

These particular students were chosen by

SCHOOLPlus, a popular computer-scheduling program used by the school
for its student scheduling process each year, for a particular section
of Algebra I to be taught for high school students only.

Of the 42

students who had pre-registered for Algebra I seventeen of 42 were
place in the target section.
section.

The other 25 were placed in another

While the choice of which student was put into which section

was not entirely random, the students’ abilities (or lack thereof) did
not contribute to the criteria.

Determining factors were most often

what other courses the students had signed up for.

If those courses

were singletons (courses with only one section) this had an influence
on which of the two Algebra sections a student was assigned.

Thus, as

much as possible the selection was random among the possible remedial
mathematics students.
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The experimental part of the study was begun at the very start of
the 1989-1990 academic year and lasted for four weeks.

It was

described to the students as a series of "warm-up" activities to get
them back into the flow of school and mathematics.

The students were

neutral in their acceptance of this idea of having warm-up activities.
This was to be expected since, by design, this group of students had
not been successful in previous mathematics courses and, thus, might be
expected to be reluctant about anything that might happen in their
mathematics class.
Each activity was introduced by a brief teaching exercise in which
vocabulary was reviewed and necessary mathematics discussed.

There

were no students for whom any of the basic ideas of the five planned
exercises were completely new.

Thus, the review was just that.

The

times for the review period ranged from a low of ten minutes
(Assignment #5) to a high of forty minutes (Assignments #1 and #3).

In

addition, there was one 45 minute session to introduce the students to
the calculators and to the computer programs they would be using while
working on the exercises.

The purpose of this study was to gain knowledge relating to the
improvement in mathematical skills by students who have had a history
of underachievement in school.

The question which was central to this

study and which guided the research was:
Is It necessary to remediate the mathematical deficiencies of
remedial high school students in order for them to be able to
pursue the study of mathematics at a cognitive level higher
than Bloom’s Comprehension Level?
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There were four subsidiary questions to this research question:
1*

What is the cognitive level (i.e. Bloom’s) at which the
typical high school remedial mathematics student pursues the
answers to mathematical questions?

2.

Is there a typical process that these students use to explore
the answers to mathematical questions? If so, then does this
process necessarily follow the student’s mastery of the
arithmetic algorithms, or are they independent?

3.

Can students who lack mastery of the arithmetic skills have
access to arithmetic approaches to solving problems if they
have mechanical means to accomplish the arithmetic tasks?

4.

Can students who lack mastery of the arithmetic skills, but
who are old enough to have experienced attempts to move them
into formal thinking modes use non-concrete approaches to
attack mathematical problems?

These subsidiary questions, when considered in order, give form
and substance to a discussion of the results of the work carried out
for this study.

The first subsidiary question refers to the group’s

pre-history in mathematics.

A detailed examination of the record of

each student was important so that a determination could be made of
just how deficient the students were.

The second subsidiary question

called for an examination of the students’ mathematical processes and
involved a detailed study of the students’ work on a series of
questions put to them by this writer.

The third subsidiary question

comes from a concern that students who cannot do arithmetic using
pencil and paper may be able to do it if they can use mechanical means
to find answers (i.e. calculators and/or computers).

The fourth

subsidiary question required a look at whether students have already
picked up higher order problem solving methods that are not reflected
in the usual ways because of the difficult time they have doing
arithmetic.
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A detailed look at each of the four subsidiary questions follows.
The remainder of this chapter is divided into sections, one for each of
the questions followed by a fifth section in which the data collected
while studying the four questions will be summarized and the central
question of the thesis discussed.

Section 1

1.

What is the cognitive level (i.e. Bloom’s) at which the
typical high school remedial mathematics student pursues
the answers to mathematical questions?

Students selected for the study were typically at least two years
behind their age group peers, and were thought by at least one of their
mathematics teachers to have "significant" (no definition of this word
was given to the teachers) difficulties in learning mathematics.

These

were students who would ordinarily become "mathematics dropouts" in the
school.

That is, they would leave their study of mathematics either

before finishing Algebra I or they would leave just after completing
it.
Given that this group was chosen from among students at a
comprehensive, but by no means typical high school in western
Massachusetts, the students selected may not be typical of remedial
students nationwide.

However, the author has taught remedial students

for more than 25 years in areas around the world, and in his experience
these students were not so very different in attitudes and abilities
from others he has taught.

Lifestyle, income levels and other factors

may be different, but classroom performance did not seem at odds.
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The

group was fairly representative of the general school population.
Consider the following in which the percentages in the third column
represent the portion of the entire student body falling into that
category.

As the reader will no doubt note, the only significant

difference from the general school population is the preponderance of
males in the group.

But, in fact, this follows national trends for

remedial mathematics classes in that they tend to be largely male
groups.

The two Limited English Proficient students happen to both be

Khmer speakers, but that is not the predominant second language in the
school.

Cateqorv
Male
Female
White
Non-White
Regular Ed
Special Ed
English Spkrs
Limited Engl

N
12
5
13
4
13
4
15
2

%

70.5
29.5
76.5
23.5
76.5
23.5
88
12

School
44
56
76
24
81
19
88
12

The initial task of the study was to gather information about each
student from school records (see Appendix D for the Student History
Data Form).

In addition, information was gathered from former

mathematics teachers of each student whenever possible.

Since some

students had not been enrolled in the school in all their previous
secondary years and/or some of their teachers had left the system there
were a few gaps in this data.
Student histories were done for each student.

This involved

searching the records for course grades back to seventh grade, using
the scores from the California Test of Basic Skills (CTBS) that the
students took in eighth grade and gathering comments from previous
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mathematics teachers.
for each student.

These were compiled into learning profiles, one

These profiles are summarized in the succeeding

paragraphs.
For tests taken at grade 8.2 (October of eighth grade) the mean
computational grade level of the group was 7.8 and the mean conceptual
grade level was 7.7 based on the national norms.

When local norms and

percentiles were used the students were significantly below the local
means (computational 8.9, conceptual 9.2).

The range of computational

scores was 5.0 to 10.9 while the range of conceptual scores was 4.2 to
9.6.

This put these students almost a full grade level behind their

peers and made it almost inevitable that they would end up in "basic"
classes in mathematics.

Indeed, nearly all of the students began their

high school career one full year behind, with the typical ninth grade
course being Pre-algebra instead of Algebra I.

Five of the students

either failed their ninth grade course or dropped mathematics that
year because they were failing.

This put them another year behind.

It will be important to examine each student’s history and results
individually for later conclusions.

Thus, following is a summary of

the information gathered on each student.

This includes information

from seventh grade onward (secondary school) and is from school records
and brief interviews with former mathematics teachers (whenever
available) of each of the students.

Material in quotes is taken from

written comments provided by the former teachers and reflects biases
and opinions of the teachers, not this writer.
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Student;-gomments/Informpt.ir>n/Grades_
1

Basic level classes. Grades range from C+ to C-. "Basic
level student, not highly motivated. Works bets in
highly structured environment. Poor arithmetic skills."

2

Basic level classes. Grades range from B to D-.
Repeated Mathematics 8. High absenteeism, therefore
background is sketchy. Is not confident in her ability.
Had a very good intuitive sense of numbers and the
operations. High frustration level. Wei 1-motivated,
willing to work hard, good family support."

3

Basic level classes. Grades range from C+ to D-. "Decent
basic skills. Very mechanical, non-thinking approach to
Arithmetic. Low growth rate in math. Sporadic homework.
When pushed to think he could do it, but immaturity and
poor study skills hold him back.

4

17 year old senior. SAT-M = 250. Basic level classes.
Grades range from B+ to F. "Repeated a one-semester
Arithmetic class 3 times. Poor reader, dependent
learner. No memory for facts. Weak processing of
information, a literal learner. Has difficulty applying
skills to problems. Poor understanding of concepts."

5

Basic level classes. Grades range from B+ to D+.
"Belligerent, but intelligent. Good arithmetic skills.
Able to interpret and apply algorithms pretty well. Poor
study habits, no homework. Learns best concretely, but
does have the ability to apply what he has learned."

6

Basic level classes. Grades range from C to DRF (Dropped
the course while failing). "Strange person. Seems like a
good student at times, at others he doesn’t seem to know
anything. Good basic skills. Missed school often. Seems
to understand when you talk to him, but makes mistakes
on the same material later."

7

Some basic level classes. Grades range from B- to C.
"Very immature, good sense of humor, very slow worker,
reasonably motivated, not well organized. No homework.
Stopped working the minute I demanded that he think
about what he was doing."

8

From out of the district, previous grades in the D
range. "A loner, but wants to please. Good basic skills.
Seems too good a student for remedial program, but does
miss quite a few problems on tests and quizzes.

9

Youngest of the group. Basic level classes. Grades range
from D to F. "Very poor using the algorithms. Needs lots
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of review every year. Tries hard but doesn’t accomplish
much. Needs very structured environment. Absent often."
10

Basic level classes. Grades range from C to D. "Poor
self-image. Quiet, does the minimum. Gaps in his
background make continuous progress difficult,
especially when he won’t try hard. A social hanger-on.
He has some poor concepts in math, but on the other
hand, at times showed wonderful intuition/insight into
problems others found difficult."

11

Basic level classes. Grades range from C
"Friendly and highly motivated, but very
Concept development almost non-existent,
be re-taught whenever it is needed. Will

12

Basic level classes. Grades range from B+ to C+. "Has
some learning disabilities which are a problem when he
reads and sequences. Highly motivated and willing to
learn. Willing to try any approach and modeling works
especially well for him."

13

Refugee student with limited prior schooling (nothing
before seventh grade). Limited English, lots of anger.
So many gaps in his mathematics background that every
new topic is an adventure in teaching. Insists that he
knows something even when he has his paper with the
wrong answers right in front of him. Often has
incomplete ideas on how to solve problems.

14

Basic level classes. Grades range from B to C-. "One of
the most interesting students I’ve had. Poor selfconcept around math. Cannot learn algorithms to save his
life, but, given a constructivist approach, does a
really good job and can do some higher level thinking.

15

Another refugee student, but with more school
background. "Very limited English, but good concepts. On
a 1-1 basis he can explain what he is doing, and
demonstrate his methods. Strong basic skills.

16

17

to D+.
poorly skilled.
everything must
do homework."

18 years old. Basic level classes. Grades range from B
to DRP (Dropped while passing). “Very interesting
student. Understands well what she constructs for
herself, but as hard as she tries she cannot retain what
nresented on the board to remember or learn.
Difficulty with abstractions, needs pictures or diagrams
to make things more concrete."
Basic level classes. Grades range from B- to D-. "Talks
sT good game in that he can discuss the lesson easi
and
seemingly intelligently, but when it comes to putting it
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on paper or to drawing conclusions, forget it. No
homework. Not highly motivated."

These vignettes, while brief, give a relatively clear picture of
this group.

Some good students, some bad; some workers, some who do

little, most have a background in basic level classes, most have poor
grades in mathematics courses.

A few, but not many, have social

problems which may or may not have impacted on previous study of
mathematics.
The traditional curriculum for students in similar classes in
their high school has included an initial period of review of
arithmetic skills.

This review is nearly universal in all areas of the

in country in remedial classes as can be seen by review any of the
remedial texts listed in the bibliography (Part I).

These students

have practiced the algorithms of arithmetic many, many times, at the
beginning of each mathematics course if at no others.

For the purposes

of this study they were given a pre-test that was not designed to find
out exactly what they did not know but rather to discover if, in fact,
their computational and conceptual skills were low for the age group.
The pretest was also given to small groups of the non-remedial peers of
the group selected for the study.

This was done to check whether there

was, in fact, any significant difference between the remedial students
and the others in terms of background for this test.

The non-remedial

students had little or no difficulty with the material on the pre-test,
consistently getting 90% or more of the answers correct.
The magnitude of the remedial students’ weaknesses becomes
apparent when one studies the questions with the results (see the
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following page for a facsimile of the test with the results
superimposed).
One can see clearly that this was a group of students who could
not do the most basic arithmetic.
power!

Only six of them could raise 3 to a

This concept is introduced in the later elementary years and

reinforced in every secondary year.

Yet two-thirds of this group could

not do it correctly, and 6 of these because they did not remember what
the symbolism meant.

Gaps in their factual and conceptual knowledge

appeared in every problem.
for students.

Problems 2a. and 2c. cause many problems

The algorithms are not easily remembered for some reason

which is not apparent to the author.

These students proved to be no

different from those in the author’s memory, more than half got them
wrong, almost all because they did not remember how to set them up (use
the algorithm).

Many students who knew what to do still made mistakes

or did not go beyond appearances.

For example, 12 students thought 87

was a prime and 11 said that 143 was prime.

In class discussion

afterward, all knew that multiples of three could be found by finding
the digital roots of numbers, but did not apply it to these two numbers
because they "looked prime".

Two students even mis-identified the

rectangle in 4c!
The missed problems were not noticeably associated with one of the
identified subgroups more than another.

The numbers of students

involved would preclude drawing any conclusions about racial or gender
groups in any case.

The primary use of these results was to

demonstrate that the students involved in this study were indeed,
remedial level students.

It was not to show particular knowledge of

one special phase of mathematics.
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The idea was to determine students’

student pre-test results
BISECUONS:
Answer these few questions as best you can using the
things you have learned in your mathematics courses so far.
Since I am
using this test to gather information about the mathematics you
remember, please do your best.
Find all the factors (numbers that divide evenly into) of 24, 50
77, and 87.
Answer:
24 = 1*24, 2*12, 3*8, 4*6; 50 = 1*50,
2*25, 5*10; 77 = 1*77, 7*11; 87 = 1*87,
3*29
3 students did not use 1 and n as factors. 3 gave the prime
factorization instead. 5 got 24 wrong, 5 missed 50, 5 missed
77, and 12 missed 87. 1 person gave a wrong factor for 50, 2
gave wrong factors for 77 and another 2 gave a wrong factor
for 87 (listed a divisor that did not divide). 2 of the 17
students got all the factors correct.
Do each of these arithmetic problems:

SHOW ALL YOUR WORK

a.

b.

23 + 2.7 - 17.27 = 8.43
10 of 17 wrong. 1 arithmetic
error, 9 did not know the
algorithm.

c.

8 of 17 wrong. 3
arithmetic errors. 5
did not know the
algorithm.

12.3 ) 2 0 2 . 9 5
ans.

d.

16.5

35
ans.

Which of these numbers is prime?

243

11 of 17 wrong. 5 for
arithmetic, 6 for
algorithm.

11 of 17 wrong. 1 for
arithmetic, 10 for algorithm.

3.

23.6 X 14 = 330.4

12

143

27

23

45

3 wrongly identified 12, 11 said 143 was prime, 3 picked 27, 2
picked 45.
Which is composite?

ans.

all others

2 people left out 12, 5 left out 143, 5 omitted 27 and 3 omitted
45.
4.

What is the name of each figure below?
a.

pentagon

b.

perpendicular

16 wrong names

6 wrong names
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c.

rectangle
2 wrong names

cognitive level prior to beginning the study.

That level must be

clearly at Bloom’s Knowledge or Comprehension level although precious
little of either was able to be demonstrated on the pre-test.

The

students were able to function at that level as can be shown by the
fact that they knew what to do for most problems, they could recall
some of the algorithms at least partially.

However, for any problem

that did not fit the standard remembered pattern, or which required any
thoughtful consideration there were usually many mistakes.

This would

indicate that they had not yet reached the levels of Application and
Analysis.

An example:

in Problem 1 students were asked to "Find all

the factors (numbers that divide evenly into) of 24, 50, 77 and 87."
A student at the Knowledge level would be expected to easily find the
factors of 24 and 50, although they might not find all of them.

A

student at the Comprehension level might go further and decide that it
was possible to factor 77, even though, typically, remedial students
are reluctant to consider that numbers that end in ’7’ are anything but
prime.

But, only two of the seventeen students were able to factor 87.

The factors of 87 (3 and 29) are not obvious and so only students who
were able to analyze the problem and organize an attack would come up
with a solution.

Even a simple procedure like attempting to divide all

the small numbers would have produced correct factors, but only four of
the students even tried it (two of them did the division wrong and
could not find the correct factors - although, they did find other
incorrect ones).
The same question was repeated later in the test when students
were asked to identify the primes from a list of numbers.

Six students

identified 143 as both prime and composite (all students had functional
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definitions of these two words before the test).

It is possible to

infer several things from this, but certainly analytical thinking Is
not among them!

Students had limited abilities to apply the

definitions they could recite.

Later in the test the number 143 was

chosen to be similar to 87 (in that its status as a composite is not
immediately obvious).
said it was composite.

Eleven students said it was prime and twelve
Only five students actually found factors of

143 to back up their claims.
These examples serve to demonstrate that the students, as a group,
attacked the problems from the lowest level of Bloom’s Taxonomy of
cognitive objectives that they felt comfortable with.

Those were

consistently Knowledge and Comprehension.
The affective realm is as important for young learners as is the
cognitive.

So much of what a youngster learns depends on what the

learner "allows" inside.

Experience has demonstrated that adolescence

is a primary age for students’ having difficulty allowing learning to
happen.

Their acceptance level is low because of the many other

factors impacting on their daily lives.

So it is with trepidation that

many teachers begin a school year with remedial students.

This is not

because the teacher does not want to teach this kind of student, in
fact many prefer them; but it is because the learning problems the
students have are in addition to the many others that are there for all
teenagers.

This is an extra burden for the students that translates

to an extra stress for their teachers.
It was in this light that an attitude survey was designed to
gather information relation to the students’

interest in mathematics,

their attitudes toward it and there ideas about what it takes for
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people to be successful at Its study.

Many teachers believe that if

the students had good and positive attitudes about mathematics then
they would not have had such difficulties in the past.

This was an

opportunity to test the conventional wisdom, as wells to provide more
baseline data on the students before they began their work on the
experimental problem sets.

Other information was gathered about

students’ attitudes towards learning in general and mathematics in
particular from interviews with their former mathematics teachers and
from a survey given to the students themselves (see Appendix F).

The

results are summarized on the next two pages on facsimiles of the
original sheets.
Part 1 of the survey gave the students three choices of response Yes, No and Maybe.

A ’yes’ response was taken as a strong acceptance

of the statement being responded to, while ’no’ was taken for just the
opposite.

’Maybe’ was taken as a non-negative way to indicate feelings

on each of the statements.

This was decided because of the author’s

long experience with remedial students and their unwillingness to say
anything positive about school until they have gotten to know the
teacher and begun to accept the teacher as a positive influence on
their lives.

Given these explanations these results show that this

group of remedial students had a surprisingly positive attitude about
mathematics.

Taken as a group, the students gave strong answers to

nearly every statement.

Of the seventeen statements, only the first

two drew majority negative opinions.
15,

Many (It’s 6. 7, 8, 9, 12, 13, 14,

16, 17) drew rather strong non-negative opinions.

The students

seemed willing to subject themselves to more study of mathematics even
though they did not like it (questions 1,2) because they see
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STUDENT SURVEY RESU1TS
PART 1:

For each statement below, write YES, NO, or MAYBE In the blank to
indicate your feelings about it.

Y
2

N
9

M.
6

2

9

4

1*

1 enj°Y going beyond the assigned work and trying to solve
new problems in mathematics.

6

2.

Mathematics is enjoyable and exciting to me.

6

7

3.

Mathematics makes me uncomfortable and confused.

2

7

8

4.

I like mathematics and find it interesting when I find
something mathematical, or something that reminds me of
mathematics outside the classroom.

7

8

2

5.

I have never liked mathematics.
favorite things to study.

9

3

5

6.

I would like to develop my mathematical skills and study
the subject more.

6

10

1

7.

Mathematics makes me feel uncomfortable and nervous.

4

12

1

8.

Mathematics is dull and boring because it leaves no room
for personal opinion.

17

0

0

9.

Mathematics has contributed greatly to science and other
fields of knowledge.

4

8

5

10.

Mathematics is fun and I enjoy taking mathematics courses
in school.

3

8

6

11.

Art and literature are more important to civilization than
mathematics.

12

2

3

12.

Mathematics is a very worthwhile and necessary subject.

9

3

5

13.

It is important for everyone, including workers, artists,
and writers to understand mathematics and do well in it.

13

0

4

14.

The study of mathematics can help teach people to think.

7

4

6

15.

I am interested in mathematics and willing to study more of

It is one of my least

it.
8

3

6

16.

Mathematics is needed to help the world run more smoothly.

4

10

3

17.

There is nothing creative about mathematics.
to do is to memorize formulas.
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All you have

For each of these items write a number to tell how important each is
for a students to be successful in mathematics.
1 = NOT AT ALL

2 = NOT VERY MUCH

3 = A LITTLE

Rank

4 = VERY MUCH

(Mean Score)

13

1.

Working problems quickly.

6

2.

Checking answers to problems.

2(T)

3.

Being able to explain what you did in a problem. (3.44)

8

4.

Neatness. (3.13)

2(T)

5.

Asking questions. (3.44)

9

6.

Drawing diagrams. (3.06)

12

7.

Reading the textbook.

7

8.

Memorizing formulas and procedures. (3.19)

14

9.

Luck!

(2.25)
(3.25)

(2.94)

(2.13)

10(T)

10.

Writing down what the teachers say in class. (3.00)

1

11.

Thinking about the problem.

5

12.

Trying many different ways to solve difficult problems. (3.38)

10(T)

13.

Figuring out how one idea is related to another. (3.00)

2(T)

14.

Continuing to try even when you don’t know the answer. (3.44)

PART 3:

(3.56)

Write an answer to the following question:

WHAT IS THE MOST IMPORTANT CHANGE STUDENTS CAN MAKE TO HELP THEM BECOME
BETTER AT MATHEMATICS?
Comments

.

1
2.
3.
4.
5.

.

6

7.

8.
9.

Do as well as you can.
doesn’t have a stroke.
"Expand the holding capacity of the brain so it
Study more and read directions, (by 3 people)
No comment. (2)
Ask more questions. (2)
Be consistent in effort.
Have a better attitude. (4)
Listen to the teacher, pay attention.
"I don’t know, because I’m not the teacher.
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mathematics as an important and vital subject (questions 11-17).
was truly surprising information.

This

These were students whose

mathematics training has led them into constant trouble, put them
behind their peers, given them low grades, and yet, in some way they
not only see the need for more study, but also seem willing to put in
the effort to succeed.
In addition, in Part 2 students indicated a good understanding of
what it takes to be successful in the study of mathematics.

Key words

in the four top-ranked categories were "Thinking", "Explain"(ing),
Asking

and

Continuing (to try).

The fifth-ranked category was

Trying many different ways to solve a problem."

Again, surprise on

the part of this writer because of the basically sound understanding on
the part of the students about the problem-solving process.

The

students demonstrated some sophistication about the ways to succeed in
mathematics, and thus, indicated that while they were at or below the
Comprehension level on Bloom’s scale, they had the temperament and pre¬
conditions to move up the scale almost immediately.

Affectively, they

seemed to have put the "rebellion of their youth" behind them with
regard to mathematics and have moved to a level of acceptance of the
idea that they would have to work to succeed in mathematics.

Even more

clearly, these students, as a group, gave relatively clear evidence
they had somewhere gathered the will, the strength to subject
themselves to more mathematics regardless of their checkered pasts.
To summarize, in the cognitive domain, it is clear that the
students in this study had knowledge of the basic skills of

pre-

algebra" that would place them somewhere in the Knowledge or
Comprehension levels of Bloom’s hierarchy.
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They could attempt most

problems on the pre-test because they had seen them before.
experience level was high.
problem.

Thus, they attempted to solve almost every

Almost nothing was left blank.

some things.

Their

They had recall knowledge of

Unfortunately their knowledge was partial at best.

Their

collective inability to get even the simplest problems correct on the
pre-test tells the more accurate story.

Those students who did get

problems correct on the pre-test demonstrated their arrival at the
lowest level of comprehension.

That is, they could recall the

procedures they had learned and apply them to problems they had not
previously seen.

One hesitates to say that the solution to these

problems was the result of the students’ applying their knowledge
because the questions asked were too straightforward to be of much
predictive value in that regard.

As was previously mentioned, the

problems that would have been difficult to solve without using at least
some analytical skills were not solved by the students.

This in itself

does not prove the lack of analysis and/or originality, but one would
have expected students who had analytical skills to use them in these
cases.

They did not.

The relatively high degree of motivation these

students had (see the following paragraphs) makes it all the more clear
that they did not simply avoid doing the problems, they did not have
the skills to apply their knowledge.
in the affective domain the students gave clear evidence that they
were at the Receiving level and perhaps at the Responding level.

There

was demonstrated a willingness to do the work that was assigned which
(willingness) Increased daily.

At first blush they seemed to avoid the

survey with its questions about likes, dislikes and attitudes, but when
they were able to do it in private they responded appropriately.
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Given a chance to respond they also appeared to promote some of the
values of mathematics learning that teachers try to instill.

This was

shown in their answers to Part I of the survey when they gave
relatively strong answers to questions 12-14 and 16 and 17.
not to be taken lightly.

This is

It is to be remembered that these are

students who have had difficulty with mathematics all their lives, yet
they have pretty strong opinions on the usefulness of the subject and
what one needs to do to do well in it.

Their value base seemed solid.

In a volitional sense, these students were ready to succeed in
their studies of mathematics.

13 of the 17 did not answer "No" in Part

1, question 15 indicating that they are interested in the subject and
willing to spend more time studying it.

Three made the comment that

they had to study more to become better at mathematics.

Others said

they had to "have a better attitude", or "ask more questions", or "be
more consistent in their effort".

These results indicate an awareness

on the part of the students that effort will be required for success
and also that these particular students are ready to commit that
effort.
On the following page, the questions of Part 1 of the Pre-test
have been categorized according to whether they fall in the affective
or volitional domain.

The responses were totaled by whether a

particular response indicated a positive attitude or feeling on a
particular question.
interpreted as

Thus, "No” answers on Question #5 were

positive responses, because the students were saying

that it was not true that they had "never liked mathematics.

On any

particular question there were seventeen responses, one for each
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student in the study.

The 289 responses were totaled by domain to

produce the following:

Total Responses
NEG
MAYBE

Domain

Related Questions

POS

Affective

1-5,7-14,16,17

123

69

63

Volitional

6,15

16

7

11

It must be stated that this survey was given at the beginning of
the school year, a traditional “honeymoon" period for teachers and
students.

But, even so, for remedial students to have attitudes as

these did seems surprising to this veteran teacher.

The survey, which

was designed to determine affective levels and volitional capacities,
demonstrated such strong positive feelings that one may wonder why
these students were so far behind their peers and have had such
difficulty succeeding in mathematics.

Section 2

The second of the subsidiary questions posed in this study
follows:

2

Is there a typical process that these students use to explore the
answers to mathematical questions? If so then does this process
necessarily follow the student’s mastery of the arithmetic
algorithms, or are they independent?

In order to discuss this question, it was
results of the students’ work on the problems

79

necessary to examine the
that were designed for

them.

As was described in Chapter 3 of this work, these were not

problems designed to teach the students something new, but rather they
were problems that were given because it was hoped they would force
students away from the "worksheet mentality" so many remedial students
develop and allow them free reign to use any methods they possessed.
To promote freer thinking all the questions asked were designed to be
solved using either computers or calculators, or both.

Brief sessions

were conducted on the use of the software provided for the computers
and orientation was provided each student who wanted to use a
calculator.
The computer software consisted of three programs; one was the
Geometric Supposer - Triangles (IBM-compatible version, running on
Epson Equity 1+ computers), the other two, Numcalc. and Decifrac were
written in GW-Basic by this writer for the express purposes of this
study (see Appendix E for program listings).

Students had already

shown that they did not have access to the algorithms of arithmetic
necessary to do these problems.

It would have been pointless to set

them to work at any set of problems requiring pencil and paper
manipulations.

Thus, the use of software and hardware designed to

avoid that particular confrontation.

The problem sets (Assignments 1

5) appear in Appendix F.
The students were given each problem set after a minimum of
introduction.

This consisted primarily of a quick vocabulary review,

and a few words about the tools that could be used.
were told to begin work.

Then the students

They were allowed to ask any questions they

wanted to ask, and these were recorded.

In all the exercises, the vast

majority of the questions asked were about the software and how it
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worked.

These questions were discounted as irrelevant to the study.

A

few of those questions later led to interesting discussions about
mathematics with the students who asked them, but those were outside
the scope of this study.

Few students needed to ask about their

calculators because they only used them to do simple division.
An overall observation to begin with: students approached each of
the five assignments differently.

The first one, which had some

straightforward questions, took much longer to get underway than the
last, which had almost no room for concrete problem-solving strategies.
The kinds of questions that were asked at the beginning of each
assignment changed as well.

In the earlier assignments the questions

were primarily about wanting support for guesses the students had made
about something they were trying.

In the later ones the questions

about help and support diminished and questions about the content
increased.
Another observation: there were two kinds of mathematical
questions posed to the students over the life of this experimental
work.

In the first, the pre-test questions, students went right to

work and generally asked no questions.

It (the pre-test) had the look

of a worksheet, they "knew" the algorithms and could keep on working.
It seemed to make no difference to them that they were getting many of
the problems wrong.

It was not clear whether they knew the difference

between their correct answers and their incorrect ones.

This came into

contrast with their behavior while working on the experimental
questions.

On these for which they had no experience, the students

appeared nervous and excited while working on the earlier ones.
observer wondered aloud why the students were so
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hyper .

On

One

Assignments #4 and #5 the students returned to their pre-test
behaviors.

They gave the appearance of a class of students producing

real work.

Again, it was unclear whether they fully understood the

correctness, or better, the viability, of their approaches, but they
were obviously busily engaged.
In looking for a typical process, the first problems of
Assignments #1 and #2 were most instructive.

On Assignment #1 students

were first asked, "Can you find two consecutive prime numbers?
many sets of two consecutive primes can you find?
consecutive primes?"
several processes.

How

How about three

The computer software gave students a choice of
It could find all the factors of a number, find the

prime factorization of a number and also find powers, multiples and the
LCM or GCF of a pair of numbers.

Virtually every student immediately

chose to find the prime factorization of a number.

When asked in a

class discussion later about that choice students said they had made a
connection between "prime number" and "prime factorization".

When

apprised of the alternative choice they were about evenly divided on
which to use.

Students quickly found 2 and 3 as consecutive primes.

It took approximately 15 minutes on average, to realize that there
could be no more sets because of the even numbers.

Finally, one

student screamed out (in front of the others), "Hey, none of the even
numbers can be prime so this can’t work!
students went on to the next problem.
numbers was noticed by everyone.

Everyone else agreed and

The common factor of 2 for even

In group sessions discussion of this

problem led to questions about consecutive composites.

12 of the 17

students discovered the idea of "twin primes", although the name did
not occur to them.
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All of this information was discovered by factoring number after
number. Students who were finding all factors of a number appeared to
move faster and to understand the results easier than those who were
finding prime factorizations.
The second problem of Assignment #1 was, "Can you find two
consecutive composite numbers?
etc?"

The first pair is 8, 9.

first set of four is 24 - 27.

3 consecutive composites?

4?

The first triple is 8, 9, 10.
The first set of 5 is 24 - 28.

5?
The
Larger

sets found included 90 - 96 for seven in a row, along with 60 - 66.
Students found this problem easy to understand and stimulating.
them worked by factoring the numbers in order.

All of

One student factored

over 100 consecutive whole numbers, starting with 2.

Students

produced more written work on this problem than any other single
problem.
The first problem on Assignment #2 encouraged volume production as
well.

"Find the decimal answer to 1

2.

finding the decimal for the fraction 1/2.
other fractions:

This is the same problem as
Then find the decimals for

1/3, 1/4, 1/5, 1/6, etc. up to 1/20.

The software

program allowed students to find the decimal equivalent of any fraction
(with a repetend of less than 5000 digits).

Every: student produced the

equivalents below:

1/2
1/4
1/6
1/8

=
=
=
=

1/10

.5
.25
.166...
.125
=

.1

1/12 = .08333...
1/14 = .07142857142857...
1/16 = .0625
1/18 = .0555...
1/20 = .05

1/3 = .333...
1/5 = .2
1/7 = .142857142857..
1/9 = .111...
1/11 = .090909...
1/13 = .076923076923...
1/15 = .0666...
1/17 = .058823529 (repeats 16 digits)
1/19 = .052631578 (repeats 18 digits)
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What happened next was instructive.
list, expanding fraction after fraction.

Students kept on with the
They seemed hypnotized by the

computer’s ability to produce long strings of digits.

They had all

reviewed the long division algorithm prior to beginning the exercise,
so they had been reminded of the chore they faced without mechanical
help.
Other problems produced similar reactions on the part of the
students.

On Assignment #3 students were asked (in Problems 1 and 3)

to produce the decimal equivalents for all the 7ths and 13ths between 0
and 1.

In Assignment #4 they were asked to divide a rectangle into two

regions of equal area in as many ways as possible.

All of these

problems were recognized by observers as being the students’ favorites
and without question, the students produced the greatest volume of
written material and spent the most time doing these problems.

While

working on these problems students were quiet, attentive and busy with
very little socializing.

Their interactions with each other were

noticed by observers to be limited to on task behaviors.

In later

sections it will be noted that these behaviors changed when the
students worked on other problems.
The question then becomes, what was it about these problems that
drew out such production, energy and calmness?

The assertion is made

here that these were the problems that illustrated the students’
typical problem-solving processes.

The problems were couched in the

language of Bloom’s Knowledge and Comprehension levels of cognitive
objectives and, thus, provided a close match with students prior
success schemes.

They could do them.
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In each case they were asked for

lists of answers, mostly of answers to be listed in order.

They were

given the means to produce the lists and they did them.
The typical process that these kinds of students use to answer a
mathematical question can be seen as one in which they produce as much
information as they can.

The constant question they asked while

producing these lists was, "Is this right?"
question was, "What do I do next?"
remedial students.

These questions are typical of

All observers commented on their need for that kind

of constant support.
right?"

Closely following this

One said, "Don’t they know whether they are

And, of course, the answer to that is, "No, they do not".

students hoped they were right, but had no confidence in it.

The

Bertrand

Russell’s famous maxim comes to mind as relating to these students:
"... mathematics ...

(is) the subject in which we never know what we

are talking about, nor whether what we are saying is true." [Rose,
1988]
One incident in particular spoke to the students’ approaches to
these problems.

One of the boys at first refused to have anything to

do with the computers.

He just took pencil and paper in hand and set

about factoring the numbers in Assignment #1.
problem, the numbers were small.

For awhile there was no

But later, other students were busily

factoring numbers like 38 and 48 and doing them quickly.
they were talking about the results.
because he could not keep up.
to talk?”

Even more,

The young man got angry with them

He asked loudly, "How do you have time

The students worked hard, kept busy and stayed on task

because they could.

They produced more information than they needed,

and, except in rare instances, did not stop to analyze the information
generated.

Given their inability to do the algorithms by hand, the
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computers (and calculators) allowed them to pursue their goal of "mass"
production.

This problem-solving "strategy" was mentioned by at least

six of the former mathematics teachers of these students during pre¬
study interviews.

It was not mentioned as it pertained to individual

students but rather as a reflection of the typical behavior exhibited
in their classes of remedial students.

They described a tendency for

remedial students to like to do worksheets and drill work because it
was, in the words of one teacher, "... something they can do and be
successful at.

They seem to think that somewhere in the mass of

answers in their work must be the right answer.
exists.

Another possibility

The students may be covering their inadequacies for doing the

work by producing masses of answers, not really knowing whether the
answers are correct or not.

This might be likened to a filibuster

which seeks to delay an obvious negative result by masses of words.
On the other hand, when these students were confronted with
problems which had no obvious opening strategy there was decided panic,
sometimes degenerating into refusal to work.

The cognitive, affective

and volitional realms melded into one as the students not only did not
know what to do, but also began to show symptoms of dislike of the work
and outright refusal to do it.

Consider this sample scene from the

work of student #16 (refers to the descriptions earlier in this
chapter).

In doing Assignment #1 she confronted these three questions:

1.

Can you find two consecutive prime numbers? How many
sets of two consecutive primes can you find? How about
three consecutive primes?

2.

Can you find two consecutive composite numbers?
consecutive composites? Four? Five? etc?
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Three

.

3

What is the smallest number that contains numbers 1-5 as
factors? What is the smallest number that contains 1-7*
1-10?

The first two questions were attacked with relish.

They were

concretely formulated and she did them concretely, as described above,
by simply factoring all the numbers she could think of and then
examining the results.

She was enthusiastic about the work, several

times exclaiming about how much fun this was.

When she got to the

third she did not know what to do right away.

Her attitude changed and

her question became, "Why do I have to do this one?"
to her neighbor and ignoring the work.

She began talking

Once she said loudly, "This is

stupid!"
In summary, it can be said of these particular students that the
process they used to attack problems was to begin working immediately
doing the things they knew how to do, or the things suggested to them
by their reading of the problem situation.

There was little thought as

to how what they were working at applied to the question they were
trying to answer.

They assumed that in the material they were turning

out would lie buried the answer to the problem and that the teacher
would tell them which one it was.

There was frustration, confusion,

sometimes anger, and sometimes outright refusal to work when this
"process" led nowhere, or when there was no obvious avenue to follow.
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Section 3

The third subsidiary question posed in this study was:
3.

Can students who lack mastery of the arithmetic skills
have access to arithmetic approaches to solving problems
if they have mechanical means to accomplish the
arithmetic tasks?

The answer to this question is a resounding, "Yes!"

Throughout

their work on these experimental problems the students used the
available technology easily and to good advantage within minutes after
receiving instructions in its use.
limited arithmetically.

This group of students was quite

On the four questions of the pre-test which

asked for simple arithmetic, ten of the seventeen students, on average,
made errors on each of the problems.

Forty of the sixty-eight possible

answers were wrong and thirty of those forty were wrong because of
serious misuse of the algorithm involved.
unexpected,

While this was not

it contrasted with the results the students were able to

obtain when they began on the experimental problems.

These were

designed to rely heavily on arithmetic to provide the students with the
evidence they would need to draw conclusions and/or to ask questions
which might demonstrate their level of thinking.

The list of decimal

equivalents earlier in this chapter is one bit of evidence that
students had access to arithmetic processes that they could not perform
on the pre-test since eleven of them missed the decimal division
problem earlier.
Assignment #3 gave another example of their ability to generate
large numbers of arithmetic evidence.

In problem 1 they were asked to

find the decimal equivalents of all the sevenths between zero and one
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(1/7, 2/7, etc.).

Each of these six fractions repeats six digits (e.g.

3/7 = 0.428571428571...).

It would have been impossible for these

students to carry out six long divisions correctly even though there
was only a one digit divisor.

1.

Find the decimal answer to 1^-7. This is the same
problem as finding the decimal for the fraction 1/7.
Then find the decimals for the other "7ths" (2/7, 3/7,
4/7, 5/7, 6/7). What do you notice about them?

1/7 = .142857

2/7 = .285714

3/7 = .428571

4/7 = .571428

5/7 = .714285

6/7 = .857142

Problem 3 had them finding the decimal equivalents of the
thirteenths; twelve division problems with two digit divisors, each
repeating six digits in the expansions.

By hand, an impossible task.

By calculator, with some explanations and sufficiently long displays
they could have done it.

With the Decifrac program they could

manipulate these fractions quickly, easily and were able to understand
the of each long division problem.

3.

Repeat the two problems on the first page, only this
time do the *'13ths".
That means first, find the decimal
answer to 1 + 13 (or, 1/13), then do 2/13, 3/13, etc.
Anything the same as for the 7ths? Anything different?
Add the right decimals so that the answer should be 1
(2/13 + 11/13, 4/13 + 9/13).
Do you get 1?
1/13 = .076923

2/13 = .153846

3/13 = .230769

5/13 = .384615

4/13 = .307692

6/13 = .461538

9/13 = .692307

7/13 = .538461

10/13 = .769230

8/13 = .615384

12/13 = .923076

11/13 = .846153
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The recognition of patterns in each of these problems began
immediately as the students worked.

The students did not wait until

the questions were asked to recognize that the digits in each of the
7ths were the same and in the same order, since the computer printed
three complete sets of the repeating places.

The students, freed from

the struggle of doing arithmetic took pleasure in observing arithmetic
in action.

Both students and observers commented on how easy it was to

do these problems for the students.
The processes of arithmetic, rather than being a drudgery for them
or a source of frustration and failure, became instead a source of
excitement and learning.

The students worked on these problems with

enthusiasm and energy as opposed to their affective behavior during the
pre-test.

During the pre-test they made much of the fact that they did

not remember any of this, that the Summer was just over and here they
were working already.

They "moaned and groaned" constantly.

This

change in affective behavior indicated a major relaxation of the
tension usually seen in students who are struggling through
computational difficulties.

Kogelman and Warren in their 1978 book

Mind Over Math comment,

Once panic begins to take hold, normal functioning is
impaired and the skills necessary for learning and performing
become inaccessible.
It is then impossible to work up to
capacity or even discover what these capacities are.
But
since this is an emotional, not an intellectual inhibition,
it can be overcome.

This is just what appeared to be happening to these students.
When the barrier to doing the arithmetic was removed they became
emotionally capable of work on intellectual problems.
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This gave them

the access they needed to begin working on solutions to these
essentially arithmetic problems.

Section 4

The fourth subsidiary question for this study was:
4.

Can students who lack mastery of the arithmetic skills,
but who are old enough to have experienced attempts to
move them into formal thinking modes use non-concrete
approaches to attack mathematical problems?

This question will be discussed in terms of the thought processes
that were used by the students as they went about solving the problems
posed to them in the five assignments.
students were selected for analysis.

Two areas of response by the
The first was the kinds of

questions the students asked while they were working on the problems.
These were transcribed and collected and appear (listed by assignment)
in Appendix F.

The second area was the kinds of approaches students

used to attack the various individual questions.
The key pre-condition of this question is the issue of the
students being "old enough to have experienced attempts to move them
into formal thinking modes".

A close examination of the curriculum of

the mathematics courses previously studied by these students reveals
unit after unit of problem-solving activities.

Discussions with the

former teachers showed that the teachers took seriously their
responsibility to work with students to Improve their skills in the
area of problem-solving.

Several of the teachers commented on students

abilities in this area and in their comments indicated that they used a
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"constructivist approach" or dealt with "intuition and insight".

Thus,

this was not the first time students had had to deal with problems that
required them to move up the scale on Bloom’s hierarchy.

Their

teachers had tried to train them in the problem-solving strategies and
had tried to

push

them toward the goal of abstract thinking.

Assignments #1 - #3 provided the greatest opportunity for student
questions because they required the students to produce the most data
and information.

The questions and comments received on these

assignments were divided into five categories.

The categories are

listed below with a few samples of each from the data.

The letters in

square brackets represent the coding system used to mark all questions
(see Appendix F).
[Plrocedural Questions: These were questions about how the
problems or the computer programs were working. They were
numerous and typically were not reported because they were
not germane to the experiment.
How does this work?
Should I press 1 or 2?
Is this going to count on my grade?
etc.
Requests for TSlupport: These were comments and questions
that students made to indicate they needed help or support,
sometimes academic, sometimes psychological.
What is
Why are
I don’t
Is this

going on?
we doing this?
get how these numbers work!
right?

fFlact Statements or Questions: These were statements or
questions which had simple or straightforward answers and
which had more to do with definitions or calculations that
thought or analysis.
—

What is a prime number?
Primes have exactly two factors.
Does 1/3 exactly equal its decimal equivalent?
How does the computer do this so fast?
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lAjnalytical Statements or Questions: These statements and
questions showed that students had gone beyond mere rote
learning and had either recognized a pattern that had
developed or were asking that a piece of information be
generalized.
There are many different sets of n composite
numbers.
There cannot be a largest prime, you can always
find a bigger one.
The first number of every second one is repeated in
the next one (said about the decimal equivalents of
the 13ths).
Why does 0.999... equal 1?
TRlesearch Statements or Questions: These questions or
statements were the kind that would lead to more questions or
would lead to a more lengthy investigation.
Where does pi end? How would you find out?
Are the repeating decimals evenly spaced out among
the numbers?
Does this work only for the 7ths?
How can you tell xxx isn’t prime? (asked about
numbers like 21, 27, 51, 57, etc.)

Listed below are the numbers of each category of statement or
question by assignment.

Thus, there were a total of thirty-two

research category questions asked by the students on the first three
assignments, fourteen on Assignment #1, twelve on Assignment #2 and six
on Assignment #3.

Category
[P]rocedural
[R] esearch
[F]act
[Alnalysis
[S] upport

Assign:tt1_#2_£3
Totals not taken
14
12
6
6
7
0
8
4

6
1

8
6

Total
32
13
22
11

Nearly seventy percent of the non-procedural questions indicated
that the students were working on these three assignments at cognitive
levels higher than Bloom’s Comprehension or Knowledge Levels.

The

Research and Analysis questions were all about interpreting the data
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the students were obtaining.

This shows that the students were not

only producing information and answers to simple questions but were
going one step further into the area of interpretation and analysis.
This is not to claim that the students were able to work at these
higher levels to find all the answers to the questions they raised, but
certainly their level of thinking was above the level of drill
problems.

Their interest in finding out more about the problems was

taken as a guide to the cognitive level at which they were ready to
work.
Assignments #4 and #5 provided clues to the methods the students
actually used to solve problems.

The first question in Assignment #4

was quickly solved by everyone because the first thing they tried
worked.

They were to divide a triangle with a line through a vertex

into two regions of equal area.

The universal first idea was to find

the midpoint of the base so that a median could be drawn.

This, in

fact produced a correct result which the students checked using the
Geometric Supposer software.

With this they could reproduce their

drawings on the screen and use the measuring routines to actually
calculate the desired areas.
The next problem required a line parallel to the base of a
triangle which again divided it into two equal areas.

All students

tried an analogous method to the first one only to find that it did not
work (bisecting the oblique sides with a line parallel to the base
produces two areas in the ratio 3:1).

The drawing on the next page

illustrates the attempts that some of the more astute students made
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to solve the problem.

The lines are numbered to show the order in

which they were drawn and each is meant to be parallel to the base of

the triangle.

Using the Supposer the students were able to measure the

various regions to check how close to a solution they were coming.

The

divide and average method that was the method of choice in this problem
was not formally explained although the software menu contained
a Segment" and that seemed to be a clue.

Bisect

Several students were able to

continue the process long enough that, with the round-off error, they
actually got two equal areas.
This kind of solution does not come from the Knowledge and
Comprehension levels.

The ideas necessary for coming up with the

divide and average method come from the level of Analysis.

Their

knowledge had to be organized enough so that they could decide to put
ideas together.

They did not have to know how to do the things they

wanted to try, they just had to have an idea.
Other signs of higher order approaches to problem-solving came in
other problems from the last two assignments.
suffice.

Two examples will

The first comes from the third question of Assignment #4 in
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which students were asked to draw lines which would divide rectangles
into two equal areas.

A page of samples is included in Appendix F.

Students almost immediately realized the symmetrical nature of the
problem and then applied that knowledge to come up with nearly 25
different lines.

They even decided that the lines did not have to be

straight!
On Assignment #5 students used a paper-folding technique that one
of them announced to find the midpoint of a line segment.

This

technique was applied to the problem of finding the circumcenter of a
triangle with almost no time lost.

The folded each side of the

triangle and then used the creases as the perpendicular bisectors of
the sides.

The intersections of the bisectors was obvious and they had

the required point.
The reader must be cautioned that not every student picked up on
these ideas immediately, nor with ease.

The students were working

together as a group and as one would have an idea the others would
share it.

No one was left behind.

The kinds of questions and comments the students had on the
earlier assignments and the kinds of problem-solving approaches they
used on the later problems were clear indications that these students
were ready to do mathematics that involved processes from a higher
level than either Knowledge or Comprehension.

They did not have to

prepare for this work by putting in days of practice.
to meet new challenges at a high cognitive level.
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They were able

Section 5

The central question of this study was:
Is it necessary to remediate the mathematical deficiencies of
remedial high school students in order for them to be able to
pursue the study of mathematics at a cognitive level higher
than Bloom’s Comprehension Level?

This section will summarize the various points of evidence in
order to provide an answer to this central question.
As seen in the Review of Literature carried in Chapter 2 of this
work, the typical remedial mathematics course is heavily oriented
toward drill and practice.

Huge percentages of the problems in

remedial texts are devoted to this kind of problem.

"Word Problems'

in

remedial texts are commonly disguised drill problems which ask in
English sentences that the students do the same things as they were
required to do in the drill exercises.
The high school aged remedial students who were involved in this
study were not capable of achieving success on arithmetic problems when
the study began.
limited.

Their knowledge of the algorithms was extremely

The problems they were asked to do produced nearly a 60*

failure rate.

But, on a survey of their attitudes and feelings about

mathematics they were decidedly not negative about the subject and
their responsibilities to do better in it.

They had strong opinions on

what was necessary to do better in mathematics and many of those
opinions demonstrated an understanding of the importance of thinking
and analyzing as opposed to memorization and drill.

So, while they

were poor at tasks involving the use of the arithmetic algorithms, they
did not appear to have damaging attitudes or ideas about their
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abilities in mathematics nor what it would take to improve their
success rate.
A series of problems was designed to see if, when students did not
have to depend on their own paper and pencil use of arithmetic
algorithms they would be able to approach non-traditional problems with
some measure of success and at a higher cognitive level that their
arithmetic skills would indicate.

Students proved able to handle the

ideas behind such topics as prime numbers and repeating decimals and to
be able to research the answers to questions in which the evidence had
to be built up by doing repeated difficult arithmetic.

Various

computer programs did arithmetic processes for them, allowing the
students free reign with their ideas.
Other problems did not use arithmetic, but depended on students
being able to analyze drawings and design solutions to geometric
problems.

Again, computer software made it possible for the students

to draw and measure many different possible solutions, providing
evidence that allowed the students to analyze the results and to draw
conclusions from them.
No amount of remediation was required for the students to perform
in these arenas.

The students came to the experimental problems with

all their ideas and abilities intact.

This was not a teaching

situation, but a learning one and yet, teaching the students new
material was not the focus of the experiment.

This study was designed

to find out if students could work at the higher cognitive levels even
though their capabilities in arithmetic would seem to have precluded
it, and the evidence indicates that they were able to.
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There were several factors present that made it possible for the
students to be learners at such high cognitive levels.

First, the main

barrier to success for them (their inability to master arithmetic
algorithms) had been removed by giving them computer programs which
allowed them to build the evidence base they needed.

Second, by doing

that, the researcher kept open channels to their interest in doing
well, encouraged their will to succeed and reduced their anxiety
levels.

This allowed the students to explore the experimental problems

at those higher cognitive levels.

99

CHAPTER 5

CONCLUSIONS AND DIRECTIONS

Introduction

The primary purpose of this study was to gain knowledge relating
to the improvement of mathematical skills by students who have had a
history of underachievement in school.

In the previous chapter the

central research question and its subsidiary questions have been
discussed in terms of a study that was designed to provide evidence
from which one might draw conclusions that would have a bearing on
current thinking about such students.

It is the purpose of this

chapter to discuss the context in which those results were obtained and
to draw lessons from them that can both add to current knowledge and
also point towards future research efforts.
A secondary purpose of this research was to create an implication
that the kinds of methods used in mathematics classes to provoke
interest and increase skill in remedial students are applicable to
other subjects as well.

It is conjectured that these methods can

contribute to the reduction of the number of underachievers in the
secondary schools.

The implication will be derived from the situation

developed in the study in which remedial students (in mathematics) were
challenged and encouraged to use their knowledge of basic skills to
examine the subject at a depth which involved experimentation and
understanding in addition to the basic skills.
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In other words, the

students were encouraged to attack problems which were seemingly beyond
them based on their school placement.

The conclusions to be drawn from

whatever success they achieved will be discussed later in this chapter.
These purposes were achieved by conducting a qualitative study in
which students who had been identified as remedial were given materials
designed to challenge their abilities in mathematics.

They were asked

to think, to strategize, to generalize in areas of mathematics for
which they had already studied the necessary computational skills, even
though an observer of their work might not be able to recognize that
they had.

To overcome their existing deficiencies in computation,

computer programs were used which allowed students to make elementary
calculations and drawings easily.

The students were then set to tasks

which involved experimentation and thought (one example; What kinds of
denominators produce repeating decimal equivalents of fractions and
what kinds produce terminating decimals?)

A complete set of the

problems can be found in the appendices.
The inferences to be drawn from a successful study could lead to
curriculum development and teacher training projects that would focus
on breaking patterns of failure and underachievement by raising
expectations of the teachers and work levels of the students.

If the

level of work in a remedial class can be raised, then the students can
learn more.

If they learn enough, then perhaps they can move beyond

the label of "remedial" and begin to achieve in the mainstream of
school life.

If the implication can be proved in a mathematics

classroom, then why not in other classrooms?
The results of this study were obtained In the same year as the
National Council of Teachers of Mathematics (NOTH) released its long
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awa 1 ted —rr1cMlum and EvaluatjoTL^Standards for ..School Mathematics.
[NCTMb, 1989]

The work on this document was begun In 1986 during a

period of unprecedented public concern about the plight of American
education.

One of the centerpieces of this concern was (is) the state

of mathematics education in the United States.

Reports in the popular

press proclaim the students in this country to be the least prepared in
mathematics of any in the industrialized countries.

"Why can’t we be

more like Japan?" is the cry heard from editors and citizens alike.
Mathematics is not the only subject to receive criticism.

The entire

public education sector is deemed to be one of the reasons we are "A
Nation at Risk , as the National Commission on Excellence in Education
put it in 1983.

That report and others provided impetus for the

mathematical community to begin studying ways that the quality of
training American students in mathematics could be improved.

Their

conclusions will be instructive for readers of this paper.

The NCTM has articulated five general goals for all students:
(1) that they learn to value mathematics, (2) that they
become confident in their ability to do mathematics, (3) that
they become mathematical problem solvers, (4) that they learn
to communicate mathematically, and (5) that they learn to
reason mathematically. [NCTMb, 1989]

These goals are antithetical to the style and substance of the
typical remedial textbooks discussed in the Review of Literature.
Students who drill on the algorithms to the exclusion of doing
mathematics may learn to value hard work, and they may learn to value
mathematics.

The remedial students selected for this study certainly

understood the value of mathematics for the society.

Only two of

seventeen said "No" when asked if mathematics was worthwhile and
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necessary.

All but three thought that mathematics was needed to help

the world run smoothly.

And yet, when asked if they liked mathematics

or if it was enjoyable to them they answered in the positive in only
twelve percent of the possible fifty-one responses.
These were students who had been raised in their mathematical
childhood by the "drill and practice" method and they did not learn to
like the subject.

Nor were they very good at it.

They had very little

self-confidence and they were most definitely not mathematical problemsolvers.

They were stuck in the middle of learning the algorithms even

though their age-group peers had learned them years before.
The thinking that preceded the work encompassed by this study was
that there must be more to these students than meets the eye.

How was

it possible for these students to sit in mathematics classes year after
year, being taught the same thing over and over, and not have them
learn it?

How could their production continue to be so low?

In fact,

it was shown, their abilities lay hidden beneath the surface of their
skill at doing arithmetic.

Their remembrance of the algorithms was so

poor that they could not get beyond a certain limited cognitive
approach to a problem.

They could never gather enough correct evidence

to generalize because their skills were so weak..
to get arithmetic problems correct.

All their effort went

To recollect the sports analogy

earlier in this paper, they spent all their time warming up and they
never got to play in a game or a scrimmage so they never got the true
feel of the "sport".
When the burden of doing the pencil and paper arithmetic was taken
from them, this group of students responded by proving that the doing
of mathematics was not beyond them.
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They were able to methodically

collect arithmetical data, arrange it various ways and ask interpretive
questions about the meaning of the data.
mathematicians, albeit at their own level.

They became working
They made the jump from

traditional mathematical behavior and the drill and practice syndrome
to the atmosphere the NCTM has recently espoused in a very short time.
Ihi_s was the evidence that this researcher was looking for; some
proof that these students had learned something in their prior courses.
Our courses for them did not have to be oriented the same way they had
been for so many years.

These students were capable of a much more in-

depth approach to mathematics.

They could study mathematics at the

same level as many of their age-group peers.

The difference being that

these remedial students could not do the algorithms well enough to
survive higher level mathematics without assistance.

The NCTM

Standards describe the mathematics and methods that the Council thinks
we teachers should be teaching and using, but nowhere in the volume is
there a discussion of the fear that the remedial students cannot learn
it.

In fact, there is an assumption that all students will react in

pretty much the same way to the revision of both the curriculum and
pedagogy as it is described in the Standards.

This author works daily

with teachers who are struggling to implement these standards and there
is daily concern among them that they will not be able to use newer
teaching methods and non-traditional mathematics with the

basic kids .

A careful reading of Chapter 4 of this paper gives no solace to
those who fear that we cannot do anything about the remedial students;
that all we can do is drill them in the algorithms and hope that
eventually they will understand arithmetic and that then we can teach
them some mathematics.

The evidence in that chapter suggests that the
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way to approach remedial students is with an attitude that they are
mathematically mature.

We must not only to raise our expectations

about them as people (something educational writers have written about
for years), but also as mathematicians.

Their capability as students

does not depend on their ability to manipulate the symbols of
arithmetic and we deny them the opportunity to think and act like
mathematicians by forcing them to rely on paper and pencil algorithms
(like children) to succeed.

Put the technology of arithmetic in their

hands, as suggested by the Standards (page 8 of the March 1989 version)
and we provide the basic tools which allow the students to act like
mathematically mature people.

Obviously, having the tools does not

guarantee their proper use, but, the kind of mathematics being espoused
as important for our students to learn and study requires that they be
able to gather evidence from which to draw conclusions.

This study has

shown, at least for a small group, that if the impediments to evidence
gathering are removed, then remedial students have the opportunity to
join their age-group peers in the search for solutions to more
sophisticated mathematical problems.
This is not insignificant.

The NCTM Standards, if broadly

adopted, will influence the development of new instructional
strategies, grouping procedures and evaluation techniques [NCTMb, 1989,
page 252].

One of the instructional strategies being touted as have

many possibilities is Cooperative Learning. [Johnson, Johnson, Holubec,
1986]

Variations of this technique have been adopted by several groups

working in the area of teacher re-training (e.g. Summermath at Mount
Holyoke College).

Small group learning based on the principle of

cooperation among group members in the solution of intellectual and
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social tasks depends on the contributions of all group members.

This

study has demonstrated in a small way that remedial students can attack
problems on the same cognitive levels as their peers.

This will make

them contributing members of problem-solving teams even though their
arithmetic skills are not up to the level of others in the group.
This kind of finding can make teachers more confident in trying
some of the new instructional strategies that are being designed.

They

can move away from the lecture-oriented lessons and drill and practice
sessions with remedial students and move instead to integrate these
students in classes with the more arithmetically able, a sort of
mathematical mainstreaming".

They can do this with the sense that

this kind of strategy of mixing the grouping levels can work to their
advantage.

Not only might they eliminate the need for some remedial

classes and the concomitant fears about the related behavior problems,
but they might be able to work with the remedial students in the
regular mathematics courses rather than in basic classes and resource
rooms.
This, in itself, would be a major step forward for remedial
students.

Their typical mathematics lesson would change dramatically

if they were grouped with more able students.

They would be treated as

mainstream students and expected to act like them, a significant change
from the present mode in many schools.

Those teachers who teach

remedial students would be able to concentrate on the developmentally
disabled instead of the students whose basic problem is that their
calculation skills are weak.
The cognitive domain is not the only one affected by the results
of this study.

The students chosen for this study, however poor their
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skills, wanted to do better and knew what that would take.

On the

survey given them at the beginning of the study they demonstrated the
desire to do well.

On two statements that measured this ("I would like

to develop my mathematical skills and study the subject more" and "I am
interested in mathematics and willing to study more of it") there were
sixteen positive responses and only seven negative ones.
showed both the desire and the will to do better.

The group

They also showed

that they knew what they had to do in order to do better.

On Part II

of the survey they listed "Thinking about the problem", "Asking
questions", "Being able to explain what you did in a problem", and
"Continuing to try even when you don’t know the answer" as the four
highest rated choices.

They understood the importance of thought,

process and persistence in solving mathematical problems.

The

qualities of affect and will that the students demonstrated were
present before the study began.

In short, these were, except for their

arithmetic difficulties, pretty typical students.
An issue raised by this study is that of the evaluation of student
performance.

As seen in the results of the pre-tests compared with the

work the students were able to accomplish later in the study, these
students take on one kind of profile when asked to do arithmetic
problems with paper and pencil, and quite a different on when the
conditions for their work are changed.

The kinds of testing we arrange

are typically tests such as the California Tests of Basic Skills (CTBS)
and the tests published by the Educational Testing Service (ETS), most
notably the Preliminary Scholastic Aptitude Test (PSAT) and the
Scholastic Aptitude Test (SAT).

These tests are based on curricula and

teaching methods and assumptions about students that have been used to
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determine these students’ educational background.
examine their potential as learners.
of the key results of this study.

They do not begin to

That they have potential is one

They demonstrated heretofore

unnoticed abilities to do higher level mathematics and yet their test
scores show them to be among the lowest in the society.
The issue of evaluation has a political side as well, for who is
it that evaluates these remedial students?

They are evaluated by those

who can do the very things they find so difficult.

The students are

defined by their test scores and their test scores are determined not
by how well they think, but by how well they compute and read.

The

issue is similar to the one faced by students with limited English
skills who are often classified as remedial students based on their
proficiency in English without regard to their level of thinking or
reasoning skills or their skill level in their first language.
Assessment tools in mathematics (and by extension, other subjects) for
all students must be re-evaluated.
In the new NCTM Evaluation Standards [NCTMb, 1989] is a list of
aspects of evaluation that are to receive increased attention.

These

include:

1.

Assessing what students know and how they think about
mathematics.

2.

Focusing on a broad range of mathematical tasks and taking a
holistic view of mathematics.

3.

Developing problem situations that require the applications
of a number of mathematical ideas.

4.

Using multiple assessment techniques, including written,
oral, and demonstration formats.

5.

Using calculators, computers and manipulatives in assessment.
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In this study these aspects were woven into the fabric of the
daily work with the students.

The information gleaned from this work

paints a far different picture of these students than previous
assessment tools that were used on them.

Which is the correct view of

these students; one in which their weaknesses are magnified, or one in
which their abilities are examined?

In any case, the NCTM’s call for

new evaluation standards in mathematics education is a call for change
that requires attention before educators can hope to make substantial
improvements In the field.
At the same time the NCTM has recommended other aspects of student
evaluation for decreased attention.

These are:

1.

Assessing what students do not know.

2.

Having assessment be simply counting correct answers on tests
for the sole purpose of assigning grades.

3.

Focusing on a large number of specific and isolated skills
organized by a content-behavior matrix.

4.

Using exercises or word problems requiring only one or two
ski 11s.

5.

Using only written tests.

The pretest used in this study is an example of the "old" kind of
testing in that it had elements of all five of the aspects above which
are scheduled for reduced attention.

By emphasizing those aspects the

test found that the subjects to be studied were weak in their ability
to use the algorithms of arithmetic.

This information mirrored

information found in the students’ earlier standardized test scores.
However, after observing the students’ work on the experimental problem
sets, much different information was gathered about the students.
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At

the end of the study we could see that their lack of algorithmic skill
was by and large not an important factor In their ability to think and
reason about mathematical problems.
Students end up being defined by their ability to employ the most
elementary cognitive skills, not by their willingness to work and learn
(volitional aspects) and study, nor by the value they place on learning
or their enthusiasm for discovery (affective aspects).
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Questions for Further Research

1*

w°uld similar results be obtained if similar studies were done
with other remedial student populations?

The locale of this study makes it possible that the remedial
students chosen for it were atypical in some way.

Although the

student population was diverse both racially and ethnically, the income
level of the community was relatively high and it was an educationoriented area.

Perhaps these students’ motivation levels have been

kept artificially high by the environment of the school.

Lack of

motivation may be a contributing factor to the inability to do
arithmetic.

This author chose to accept this group of students as

relatively typical of remedial students he has taught in other
environments, and other areas of this country and elsewhere.

But, the

same instruments might find different measurements in other areas.
Even if other studies found differing levels of motivation that,
in itself, might or might not affect the major conclusion that was
drawn from this study: that lack of arithmetic skill is not a
sufficient barrier to keep remedial students from being challenged with
appropriate mathematics in school.

The challenge for future

researchers will lie in their struggle to remove the barriers that keep
remedial students from reaching their full potential.

This means that

experiments will have to be carefully drawn.
If such experiments are successful, the challenge for teachers
will be even greater to remove those barriers.

Their classrooms are

not the controlled arenas of educational researchers.

Ill

2.

What is the role of computing devices in the secondary remedial
mathematics curriculum?

It was clear during this study that the students selected to
participate had no difficulty using computers to gather the evidence
required to work on the problems presented them.
use stood out during the study.

Two areas of computer

First, the students’ learning

behaviors changed dramatically from the beginning of the study to the
end.

The first two exercises they had to do for the study were the

student survey and the pretest.

All the students seemed interested in

the survey and were active in their participation, talking about the
questions among themselves later and in general trying to be involved
with the ideas it generated.

Then they began work on the pretest and

this cooperative, interested attitude disappeared in minutes.

While

they were working with pencil and paper mathematics they became
argumentative, whiny, disinterested and negative.

Their affect changed

completely and their desire to do good work vanished.

Later when they

began to work on the exercises of the study their attitudes changed
back to the earlier ones.

The only difference between the three

situations that could have caused the bad attitudes during the pretest
was the fact that the students were required to attack arithmetic with
paper and pencil.

Their being able to use the computer gave them

control over processes which had controlled them for so many years and
they responded positively to that.
The second area to stand out was that using computers raised the
level of mathematics the students were able to study.

They were able

to research questions that would normally be asked of students at much
higher levels.

The work the students were able to do adds emphasis to
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the NCTM’s and others’ push that the computer must not be used for only
drill and practice, but must be a research tool that students can use
to learn with.
This writer is not an expert in computer use, nor an expert
programmer.

How much the computer can be integrated into the

mathematics curriculum remains a question for future researchers.
Certainly if computer use becomes pervasive in a course, the curriculum
of the course will change, since nearly all secondary mathematics
courses are "pencil and paper" courses.

For example,

the use of the

Geometric Supposer threatens to change the teaching of Euclidean
geometry dramatically.

With students now able to search for patterns

among geometric evidence and to be able to derive conclusions based on
physical evidence, the amount of time spent trying to develop the
axiomatic system in tenth grade geometry can be reduced by a huge
percentage.
important?

Is this what the mathematical community believes is
What will be the effect of reduced emphasis on proof in

these courses?

Will the discovery method used by students enhance or

decrease their knowledge of geometric principles?
These questions are similar to the questions that could be asked
about any course if computers are used in the course to gather evidence
that students can use to make their own discoveries.
Another important consideration for teachers will be to determine
how much arithmetic skills must be emphasized if computers and
calculators are to be available to all students all the time.

The NCTM

recommends that "appropriate and ongoing use of calculators and
computers" must be accepted at the K-4 level as
learning mathematics."

valuable tools for

This is at an age when many of use whose
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careers began more than twenty years ago would normally think the
students should be heavily involved with paper and pencil work.

And if

students at that age become familiar with electronic calculators and
computers what skills will they bring to their secondary years?

What

changes will these electronic tools force upon us and what will be the
consequences of those changes?

3.

Can changes in the cognitive level of remedial mathematics classes
be mirrored by similar changes in other subjects?

By implication, if students can successfully handle work in
mathematics at cognitive levels higher than Knowledge or Comprehension,
one would expect them to also be able to do work at similar levels in
other subjects.

This might mean large scale revisions in the curricula

we teach older youngsters who are below grade level in school.
Research is needed to determine whether it is better to teach at a
person’s skill level, or age level.

This means that a teacher could

decide that it would be more appropriate to treat remedial students as
adults even though they have the computational skills of a child.

If

the questions asked these students are "older-type questions, what
kinds of responses can the teacher expect?

Is it really necessary to

remediate the skill deficiencies?

4.

What are the evaluation techniques which allow remedial students
^demonstrate
to demonstrate their abilities to think, analyze and reason in
mathematical situations?
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An example of the difficulty involved is provided in this study in
which students whose test scores are extremely low demonstrated
abilities that call those scores into question.

This seemingly

contradictory evidence about students’ abilities cries out for
explanation.

Some careful work by experts in the field of tests and

measurements might produce an explanation for the difference in
results that does not rely on apparent contradictions.

It must be

obvious that the usual batteries of tests that students take do not
approach the target.

How students analyze processes cannot be

discovered without letting them demonstrate, in person, the techniques
they use.
If we in the mathematics teaching profession are serious about our
new standards then one of our first priorities will be to design
instruments which will allow us to discover from the students whether
our new instructional strategies will produce change.

We are in an era

in which it is no longer enough to wax eloquent about what we think
will work or what we think we need.

Automatic infusions of money from

local, state and federal sources have long ago disappeared.
Politicians at those levels now speak of accountability and proof that
the needs are there.

So we must design the testing tools that can

prove that our plans for change in the profession are both necessary
and likely to produce the desired results.

If we are not able to do

this, to produce testing tools and techniques that can both demonstrate
our needs and support our requests, then a disbelieving public will
ignore us.
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5.

In the face of past histories of poor performance in mathematics,
placement in remedial classes and low algorithmic skills, what can
explain the positive attitude and high level of interest in
success on the parts of this experiments’ students as regards
mathematics?
One might say that these students have no business being so upbeat

about their study of mathematics.

And yet, there they are, saying

things like, "Mathematics is a very worthwhile and necessary subject"
(only two out of the seventeen students in the study disagreed with
that statement), or, "I am interested in mathematics and willing to
study more of it" (four of seventeen disagreed with this one).

Is

mathematics so inherently inspiring that students naturally want to do
well in its study?

Results from the Fourth Mathematical Assessment of

the National Assessment of Educational Progress [NCTMc, 1989] bear out
on a larger scale the results of the attitude survey used in this
study.

In that assessment eleventh grade students were asked to

respond with "Agree" or "Disagree" to the following statements (among
others):
I really want to do well in mathematics. (A=84%, D=5%)
I am willing to work hard to do well in mathematics.(A=88%, D-3%)
Even allowing for the fact that not all of those students were
remedial, there is demonstrated in those figures and in the results of
this study that students in this society are willing to work and study
mathematics.

But what is it that explains these positive attitudes?

And what is the relationship between achievement and attitude?

The

authors of the Assessment Report note that even though the proficiency
of 17 year-olds increased from previous assessments, "neither their
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enjoyment of the subject nor their perception of the nature of
mathematics improved.

Hence, the relationship ... would not seem to be

a simple one."[NCTMc, 1989]

Conclusions and Thoughts

I don t know what’s the matter with people; they don’t learn
by understanding; they learn by some other way - by rote or
something. Their knowledge is so fragile! [Feynman, 1986]

It is considered "de rigueur" these days to discuss the
underrepresentation of women and minorities in the mathematically-based
professions.

The statistics improve year by year, but it is still one

of the major issues of scientific life.

The question of who will do

science (and mathematics) in the years ahead is at the heart of a
report by the National Research Council (NRC) on the future of
mathematics education in the United States.[NRC, 1989]

The Council

makes the point that the nation cannot continue the trend of dominance
of the sciences by White males.

As a nation we can no longer afford to

have a school population approaching 30% minority and 50% female and
have the role models be so predominantly White males.
But, the largest underrepresented group in the sciences and
mathematics are those for whom mathematics is difficult.

There are

hundreds of job classifications in the United States for which skill in
mathematics is crucial.

These jobs are outside the reach of the

mathematically illiterate. "Mathematics is a profound and powerful part
of human culture."

Or, as Richard Feynman, a Nobel Laureate in physics

117

says,

If you want to understand nature, you must be conversant with

the language in which nature speaks to us.’‘[NRC, 1989]

In a society

which increasingly becomes closed to those who do not understand
mathematics, the people who are dysfunctional in the subject become
more and more like outsiders.
This study has taken a first step towards demonstrating that
people who have long been considered illiterate in mathematics have in
them the basis for their increased understanding of the subject.

The

few students who participated showed that they could approach
mathematical ideas on the same levels as their peers if the barriers to
that study were removed.

The barriers of reliance on pencil and paper

algorithms, low cognitive expectations (i.e. reliance on drill and
practice to improve skills), and lack of opportunity to discover their
own mathematics, to be mathematicians, have prevented many remedial
students from seizing the same opportunities their mainstream brothers
and sisters have enjoyed.
The most far-reaching conclusion to be drawn from this work is
that it does seem possible to improve the mathematical situation of
many students heretofore considered out of the mathematical mainstream.
These students who have relied on pencil and paper algorithms to no
avail can be approached at intellectual levels higher than tradition
has allowed.

The teacher of these students must not put the artificial

barriers of arithmetic in their way, must not use the tradition

slow

and easy" methods of the past in which teachers carefully explain each
step and drill students on each part of a process.

Constructivists believe that the remedial student’s memory
has superseded his or her reason and that the indiscrimin
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use of explanations has allowed this shallow development. In
consequence, mathematical or scientific atrophy is thought of
nrnhilm
a,nObl0m of P0da9°9y rather than as a mental
problem that afflicts the learner. [Blaise, 1988]

For so many years we in the mathematics teaching profession have
worried about the remedial learner.

It seems that we must change our

focus somewhat so that in the future we can concentrate on methods of
teaching and evaluation that can work for all students.

All of our

students must become mathematicians in that they must experience
mathematics themselves.

They must construct for themselves the path

from ignorance to knowledge.

For too long we have been "robbing

students of their autonomy and confidence, and of the feeling that
their mathematical experiences are their own." [Lerman, 1988]

The

implications for the nation’s future are there for all of us to see.
Either we include everyone in the opportunities our society provides or
we lose any sense of a united people working together.

This has always

been a false image of our country, but perhaps it can continue to be a
goal if we as educators reach out to draw in to the main body of
learners all of those who have been traditionally excluded.
This paper concludes with a description of a teacher from Gary
Zukav’s The Dancing Wu Li Masters, a 1984 book on the development of
quantum physics.

Except for the unnecessary reliance on the male

gender pronouns, this passage captures precisely the belief of this
author that all students must capture the understandings of mathematics
before they can understand the drill and practice necessary for
complete mastery.

The Wu Li master does not teach but the student learns ... He
begins from the center and not from the fringe. He imparts
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an understanding of the basic principles of the art before
going on to the meticulous details, and he refuses to break
down the t’ai chi movements into a one-two-three drill so as
to make the student into a robot. The traditional way ... is
to teach by rote, and to give the impression that long
periods of boredom are the most essential part of training.
In that way a student may go for years and years without ever
getting the feel of what he is doing.
A Master teaches essence. When the essence is
perceived, he teaches what is necessary to expand the
perception.
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APPENDICES

APPENDIX A:

REPRODUCTION OF PAGES 144 AND 145 FROM LANKFORD AND
ULRICH’S ESSENTIAL MATHEMATICS (NEW YORK: HARCOURT BRACE
JOVANOVICH, 1975).

Keeping decimal points
straight in division

2.

54.4 + -34= ?
she first gave the quotient 16. Then
an estimate showed her where to
make a correction.

l. Bob likes to use a marker to
help him place the decimal point
correctly in a quotient. Here is his
method. Be sure you understand
why it works in this example.
►

WRONG
16
.3 4a)5 4.4 0A
34
204
204

CORRECT
160
.3 4 )3 4.40a
34
204
204

.

Write the exercise in this form.
5.4)4.9 6 8

► Multiply the divisor by 10 to
make it a whole number.

.

0
a Can you find the mistake in
Ann’s work?
b How does an estimate show what
the answer should be?

5.4a)4.9 6 8
This moves the decimal point in the
divisor one place to the right. Use a
caret (a) to mark the new location.
► The fraction law requires that
you also multiply the dividend by
10. Do this by moving the decimal
point in the dividend one place to the
right. Mark the new location with a
caret.
5.4a)4.9a6 8
►

When Ann was given the problem

Find the quotients:

Divide without regard to decimals.
92
5.4a)4.9a6 8
48 6
108
108

3.

5.2)19776

12.

6.7)47489

4.

7.3)35.77

13.

.28)076-

5.

6.8)64.26

14.

.62)3.906

6.

.73)66.065

15.

.28)71092

7.

8.8)5838

16.

.69)2839

8.

.76)1563

17.

5.8)2734

9.

.37)9152

18.

.35)1365

10.

.55)25.3

19.

6.6)2883

11.

.92)170

20.

.83)7321

Will these quotients ibe a <3 little less than 1,
or b a little more than 1 ?

Place the decimal point in the
quotient above the caret in the divi¬
dend.
.9 2
5.4a)4.9a6 8

21.

4.9)532

23.

56.2)5837

22.

.32)372

24.

1.02)368

Tell by estimate whether these quotients are
nearest .01, .1, 1, or 10:

Check your answer by an estimate.
Dividing a number a little less than 5,
by one a little more than 5, must give
a quotient a little less than 1.

*
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25.

36.2)3382

28.

30.8)8123

26.

6.32)3684

29.

6.5)372

27.

.481)4320

30.

58.1)6853

Find these quotients:

Dividing decimals by

10, 100, 1000
1. Alex paid $5.30 for 10 gallons of
gasoline. How much is this per
gallon?
.5 3
1 0 ) 5.3 0
The answer is 53 cents per gallon. If
Alex paid $4.50 for 10 gallons, what
is the price per gallon?
4.50 + 10 = _?_

.

.9 3

8.7 5

1 0^3~

1 0)8 7.5

i oyrro

i oynar

7000 + 1000

11.

500-1- 1000

7.

7500 + 1000

12.

.80 + 1000

8.

8500 +1000

13.

.15 + 1000

9.

832.5 + 1000

14.

50.4 + 1000

800 +1000

15.

2.40 + 1000

10.

16.
State a rule for dividing a num¬
ber by 1000.
17.
Check the rules you stated in
Exercises 2, 4, and 16 with these:

To divide a number by 10 move
the decimal point one place to
the left.

Examine these quotients:

2

6.

To divide a number by 100 move
the decimal point two placet to
the left.

State a rule for dividing a number by

To divide a number by 1000 move
the decimal point three placet
to the left.

10.
3.
How many $10 are in each of
the following?

a
b

$90
$85

4.

c
d

$120
$125

e
f

$36
$410

18.

15 + 10

26.

8.75 +10

19.

78 + 10

27.

.365 + 10

20.

382 + 100

28.

1.56 +100

.2 5 7
1 0 0)2 5.7

21.

14.75 + 1000

29.

.478 +100

22.

2.64 hr 10

30.

4.3 +1000

.7 3
1 0 0)7 3.0 0

23.

13.06 + 100

31.

98.8 +1000

24.

2.7 + 1000

32.

475.2 +1000

8.3
1 0 0)8 3 0.0

25.

46 + 1000

33.

86.4 +100

Examine these quotients:
.9

10 0)TO)
.614
10 0)BT4
.0 9 6

1 o owjnr-

State a rule for dividing a number
by 100.
How many 100's are in each of
the following?
250
i 240
a 600
e
b 900
f 750
i 375
926
c 1500
k
g 1575
1 1482
d 2700
h 125
5.

Find these quotients:

34. The Edgemont Little Theatre
earned $864.00 on a play. How much
was this per ticket if they sold ap¬
proximately 1000 tickets?
35. The Four-Square Club can buy
calendars to sell for fund-raising at
$33.50 a hundred. How much is this
per calendar? What is the profit on
each if they are sold for 75 £ each?

MULTIPLYING
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APPENDIX B:

STUDENT/PARENT PERMISSION LETTER

March, 1988
TO.
FROM:

xxxxxxxxxxxxxxxxxxxx and family
Michael Froning, High School Instructional Director

For many years I have been interested in finding ways to help students
improve their learning of mathematics. At the urging of many in my
family and many of my colleagues I decided to translate that interest
into study at UMASS for a doctorate degree in Mathematics Education.
This letter is about a project, a research project, I am proposing as
part of the requirements of my degree. It has no relationship to the
high school except that X am conducting the project.
What I propose to do is to select a small group of students for whom
mathematics seems to be a difficult subject. These students have
perhaps gotten poor grades, or are behind others of their age in the
courses they are taking, or have a history of not liking math. After I
have picked out these students I will put them to work doing some
mathematics that I believe will be both interesting and enjoyable to
them. While they work, either I or one of my colleagues will sit with
them to observe and record what they do, what questions they ask, and
to help them make progress at the task. Most of the work will involve
using either a computer or a calculator and I will provide enough
instruction so that there will be no problem in doing that.
My theory is this: students who have traditionally done poorly in
mathematics have still learned a lot. Students who are behind their
peers at age 16 (or any high school age), probably have studied long
division (for example) since age 9. They know a lot about long
division, even if the process is still difficult for them. My project
is meant to see if it is correct that underneath it all these students
who do not have such good mathematical records really know much more
than we give them credit for. Not only do I hope to find that out, but
I hope to prove that the students’ knowledge will allow them to use
what they know to do some pretty sophisticated mathematics with the
right kind of help.
I would like to invite xxxxxxxxxxxxxxxxxxx to participate in this
project which is the final step for me before earning my degree.
Participation will involve about 10 hours of work here at school. In,
the process I will be developing a working profile of xxxxxxxxxxxxxxx s
mathematical background through a review of previous records and
interviews. These will be shared with you.
This is a completely voluntary project for which there is no reward
except some knowledge.
If at any point either the student or the
family wishes to withdraw their permission for participation there, of
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course, would be no penalty.

However, since it would damage the

tC\ h^Ve p0op1e 1eave in the middle, please accept with the idea
that the student would stay for the entire 10 hours. Work can be done
either at school during free periods or after school, or on weekends at
my home if school time is not available. Work will begin as soon as
possible after return of this permission slip.
Since this is a research project and involves working
will need to have written permission of both students
before beginning.
I have included two copies of this
sign one in the appropriate place and return it to me
possible.
The other copy is for your records.

with students, I
and parents
letter.
Please
as soon as

Thank you for consideration in helping me with this project.
It will
be important for me, and I hope will produce some important results.

Sincerely,

Michael J. Froning

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

Date _

Permission is granted for ___
to participate in the research project described in this letter.

It is

understood that this permission may be withdrawn at any time without
penalty.

All information collected will be available for review by

both student and parents.

(Parent(s) signature)

(Student signature)
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APPENDIX C:

STUDENT HISTORY DATA FORM

NAME_

__

CURRENT GRADE IN SCHOOL

AGE

CURRENT MATH COURSE __

CTBS SCORES:
GRADE 8

GRADE 10

Computation _

Computation _

Concepts _

Concepts _____

COURSE HISTORY:
GRADE

COURSE

TEACHER

7
8
9
10
11

COMMENTS BY PREVIOUS TEACHERS:
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FINAL GRADE

APPENDIX D:

OBSERVER DATA COLLECTION SHEET

STUDENT NAME

DATE

ASSIGNMENT » _

LOCATION

Please note student’s learning behaviors at 5 minute intervals
throughout the session.

+ :05

! + : 35
1
1
1
1
1

+: 10

I +: 40
1
1
1
1
1
1

+ : 15

', + :45
1
1
1
1
1
I
1 +: 50
I
1
1
1
1

+ : 20

«
+ : 25

I
+ : 30

l + :55
1
1
1
1
1
1
1
1
1

: 60

I

Please keep a list of all questions the student asks, no matter how
trivial. Write them in the space below. Continue at the bottom of the
next page if you need room.
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OBSERVER DATA COLLECTION SHEET

STUDENT NAME

•

page 2

DATE

ASSIGNMENT #

fnratMfVt h
narrative <* the learning experience you observed
InH
student during this time. Limit yourself to your observations
any interpretations of those observations you wish to make.
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APPENDIX E:

SOURCE CODE FROM COMPUTER PROGRAMS

Program listings for computer programs written by the author for use in
this study. Programs run in GWBASIC v. 2.0 or higher (IBM
Compatibles).

CHOICE.BAS (the control program for the two programs that follow)
100 REM
CHOICE.BAS
102 REM
by
104 REM
MICHAEL FRONING
106 REM
935 BAY ROAD
108 REM
AMHERST, MA 01002 (413) 256-8994
110 REM ================================================
112 REM
1000 CLS
1010 PRINT"EXPERIMENTAL PROGRAMS":PRINT:PRINT
1020 PRINT"
1. REPEATING DECIMALS"
1030 PRINT"
2. NUMCALC"
1035 PRINT"
3. QUIT FOR THE DAY!":PRINT:PRINT
1040 PRINT"TYPE THE NUMBER YOU WANT, THEN PRESS <ENTER>”
1045 PRINT-.INPUT" I CHOOSE ==> ";A
1050 IF A<1 OR A>3 THEN 1040
1060 ON A GOTO 2000,3000,4000
2000 RUN"DECIFRAC.BAS"
3000 RUN"NUMCALC.BAS"
4000 SYSTEM

NUMCALC.BAS (a number theory calculator)

NUMCALC.BAS
100 REM
by
102 REM
MICHAEL
FRONING
104 REM
935 BAY ROAD
106 REM
AMHERST, MA 01002 (413) 256-8994
108 REM
110 REM ============
112 REM
1140 DEFDBL N,M,P,A,B
1160 CLS
**** THE NUMCALC PROGRAM ****"
1180 PRINT'
1200 PRINT
1220 PRINT' 1 FIND ALL FACTORS (DIVISORS) OF A NUMBER"
1240 PRINT' 2. FIND THE PRIME FACTORIZATION OF A NUMBER
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1260
1280
1300
1320
1340
1360
1380
1400
1420
1440
1460
1480
1500
1520

PRINT" 4.
4' FIND
rJEn ?ucT^LES
limits)"
PRINT
THE POWERS 0F
OF A A NUMBER
NUMBER"
PRINT" 5.
FIND THE GREATEST COMMON FACTOR (GCF)"
PRINT" 6
FIND THE LEAST COMMON MULTIPLE (LCM)"
PRINT" 7. QUIT (RETURN TO MAIN MENU)"
PRINT:PRINT:PRINT
INPUT"WHICH DO YOU WANT TO DO (1 - 7) "
ON J GOTO 1440 ,2380 ,2020 ,3220 ,3740 ,4080 ,1940
REM

.

REM
FACTORS OF A NUMBER ROUTINE
REM
CLS
INPUT"FACTOR WHAT NUMBER ";N
^TCCI
JHS^RINT:
ITSELF
:GOTO 1860 PRINT 1": PRINT: PRINT"1

1540
1560
1580
1600
1620
1640
1660
1680
1700
1720
1740
1760
1780
1800
1820
1840
1860
1880
1900
1920
1940
1960
1980

2000
2020
2040
2060
2080

2100
2120
2140
2160
2180

2200
2220

HAS N0 factors except

IF N=0 THEN PRINT:PRINT"ANY NUMBER IS A FACTOR OF

0":GOTO 1860

vLo

PRINT"THE FACTORS OF "N" AREPRINT
FOR 1=1 TO SQR(N)
IF N/IOlNT(N/I) THEN 1740
PRINT TAB(30*K);I;" * ";N/I;
K=K+1:IF K=2 THEN PRINT:IF K=2 THEN K=0
SUM=SUM+I+N/I:T=T+2
IF I=N/I THEN SUM=SUM-I:T=T-1
IF I>N/2 THEN PRINT N:T=T2:SUM=SUM+N:GOTO 1820
NEXT I
IF K=1 THEN PRINT
PRINT
PRINT N" HAS "T" FACTORS"
PRINT"THEIR SUM, NOT INCLUDING "N", IS" SUM-N
PRINT
PRINT"TO CONTINUE PRESS <ANY KEY>"
IF INKEY$="" THEN 1900
T=0:K=0:SUM=0:GOTO 1160
RUN"CHOICE.BAS"
REM
REM
MULTIPLES ROUTINE
REM
CLS
INPUT"WHAT NUMBER DO YOU WANT MULTIPLES OF ";N
PRINT
IF N=0 THEN PRINT"ALL MULTIPLES OF 0 ARE 0”:GOTO 2280
INPUT"ENTER THE LOW VALUE ";L
INPUT"ENTER THE HIGH VALUE ";H
PRINT
I=INT(L/N)
IF N*I <L THEN 2240
IF N*I>H THEN 2280
PRINT N*I,

2240 1 = 1+1
2260 GOTO 2200
2280 PRINT:PRINT
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2300 PRINT'PRESS <ANV KEY> TO CONTINUE"
2320 IF INKEY$="” THEN 2320
2340 1=0:GOTO 1160
2360 REM
2380 REM
PRIME FACTOR ROUTINE
2400 REM
2420 CLS
2440 PRINT "FOR WHAT NUMBER DO YOU WANT THE PRIME FACTORIZATION^"
2460 PRINT
2480 INPUT"N ===> ";N
2500 IF N=0 THEN PRINT:PRINT"0 HAS NO PRIME FACTORIZATION":GOTO 3140
2520 IF N=1 THEN PRINT:PRINT"1 HAS NO PRIME FACTORIZATION":GOTO 3140
2540 CLS
2560 PRINT "THE PRIME FACTORIZATION OF ";N
2580 M=N
2600 OPEN "I",#1,"PRIMES"
2620 INPUT#1 , P
2640 IF P>SQR(M) THEN 2780
2660 IF EOF(1) THEN 2820
2680 IF INT(M/P)<>M/P THEN 2800
2700 M=M/P
2720 IF M = 1 THEN PRINT P:GOTO 2880
2740 PRINT P"*";
2760 GOTO 2680
2780 PRINT M:GOTO 2880
2800 GOTO 2620
2820 CLOSE 1
2840 PRINT:PRINT "PRIME TABLE EXHAUSTED"
2860 PRINT M;"WAS BEING TESTED"
2880 PRINT: PRINT-.CLOSE 1
2900 PRINT"TO CONTINUE PRESS <ANY KEY>"
2920 IF INKEY$="" THEN 2920
2940 PRINT
2960 PRINT"TESTING "M" BY ODD NUMBERS TO FIND ANY FACTORS"
2980 PRINT"THIS MAY TAKE AWHILE, BE PATIENT"
3000 FOR 1=3781TO SQR(M) STEP 2
3020 IF M/I <> INT(M/I) THEN 3080
3040 PRINT:PRINT I" AND "M/I" BOTH DIVIDE "M", YOU MUST CHECK THEM'
3060 PRINT"TO SEE IF THEY ARE PRIME OR NOT. WAIT A LITTLE
LONGER.":PRINT
3080 NEXT I
3100 PRINT"FINISHED NOW. CHECK THE FACTORS TO SEE IF THEY ARE PRIME
3120 PRINT"IF THERE ARE NONE THEN "M" IS A PRIME NUMBER."
3140 PRINT
3160 PRINT"TO CONTINUE, PRESS ANY <KEY>"
3180 IF INKEY$="" THEN 3180
3200 GOTO 1160
3220 REM
3240 REM
LIST POWERS OF A NUMBER
3260 REM
3280 CLS
3300 INPUT"WHAT NUMBER IS THE BASE ;N
3320 PRINT
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3340
3360
3380
3400
3420
3440
3460
3480
3500
3520
3540
3560
3580
3600
3620
3640
3660
3680
3700
3720
3740
3760
3780
3800
3820
3840
3860
3880
3900
3920
3940
3960
3980
4000
4020
4040
4060
4080
4100
4120
4140
4160
4180
4200

IF N-0 THEN PRINT"ALL POWERS OF
IF N=1 THEN PRINT"ALL POWERS OF
PRINT "TERM","POWER"

0
1

ARE
ARE

0":GOT0 3580
1":GOTO 3580

j=1:p=i

P=P*N
P$=STR$(P)
IF MID$(P$,3,1) =
THEN 3580
IF MID$(P$,4,1) = "+" THEN 3580
PRINT J,P
J=J+1
FOR K=1 TO 200:NEXT
GOTO 3420
PRINT
PRINT"TO CONTINUE PRESS ANY <KEY>"
IF INKEY$="" THEN 3620
K=0
GOTO 1160
REM
REM
GCF ROUTINE
REM
CLS
PRINT"ENTER THE TWO NUMBERS, LARGER ONE FIRST, PLEASEPRINT
INPUT"LARGER
===> ";N1
IF N1=0 THEN PRINT:PRINT"NO 0’S PLEASE":PRINT:GOTO 3780
INPUT"SMALLER
===> ";N2
IF N2=0 THEN PRINT:PRINT"NO 0’S PLEASE":PRINT:GOTO 3820
A=N1:B=N2
Q=INT(A/B)
R=A-Q*B
IF R=0 THEN 3960
A=B:B=R:GOTO 3880
IF J=6 THEN RETURN
PRINT:PRINT:PRINT"GCF("N1","N2") = "B
PRINT:PRINT
PRINT"TO CONTINUE PRESS ANY <KEY>"
IF INKEY$="“ THEN 4040
GOTO 1160
REM
REM
LCM ROUTINE
REM
CLS
GOSUB 3740
PRINT:PRINT:PRINT"LCM("N1","N2") = "(N1*N2)/B
GOTO 4000
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DECIFRAC.BAS (a program to change fractions into decimal equivalents
and vice-versa)

100
102
104
106
108

REM
REM
REM
REM
REM

DECIFRAC.BAS
by
MICHAEL FRONING
935 BAY ROAD
AMHERST, MA 01002 (413) 256-8994

112 REM
1000 CLEAR 10000
1050 BOUND = 5000
1060 DEFDBL N
1100 DIM R(BOUND),Q(BOUND),Q$(BOUND)
1150 CLS
1175 T=0
1200 PRINT"THIS PROGRAM WILL CONVERT FRACTIONS TO DECIMALS"
1250 PRINT:PRINT"WHICH DO YOU WANT TO DO?"-.PRINT
1300 PRINT"
1. FRACTION TO DECIMAL"
1325 PRINT"
2. DECIMAL TO FRACTION"
1350 PRINT"
3. QUIT (RETURN TO MAIN MENU)"
1400 PRINT
1450 INPUT"TYPE YOUR CHOICE (1-3) ";OPT
1500 ON OPT GOSUB 1550,6000,2100
1550 REM
1600 CLS
1650 PRINT"CHANGING FRACTIONS TO DECIMALS ...":PRINT:PRINT
1700 PRINT"ENTER THE NUMERATOR OF THE FRACTION YOU WANT TO CONVERT"
1750 INPUT"NUM = ";NU:PRINT
1800 PRINT"NOW ENTER THE DENOMINATOR"
1850 INPUT"DEN = ";DE:PRINT
1875 IF DE=0 THEN PRINT"THE DENOMINATOR CANNOT = 0":GOTO 1800
1900 PRINT"THE COMPUTER IS NOW DIVIDING "NU“ BY "DE
1950 PRINT
2000 GOTO 2450
2050 RETURN
2100 RUN"CHOICE"
2400 RETURN
2450 REM
2500 C8=0:C9=0
2600 Z=0:T=1
2650 COUNTER=0:C1=0:C2=0:C3=0:C4=0
2700 A=NU:B=DE:DN=A
2705 ZZ=INT(A/B)
2710 PRINT STR$(ZZ)".";
2720 A=A-B*INT(A/B)
2730 DN=A
2750 SKIP$="FALSE"
2850 Q=0
2900 IF DN<B*(Q+1) THEN 3050
2950 Q=Q+1
3000 GOTO 2900
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3050
3100
3150
3200
3250
3300
3350
3400
3450
3500
3550
3600
3650
3700
3750
3800
3850
3900
3950
4000
4050
4100
4150
4200
4250
4300
4350
4400
4450
4500
4550
4600
4650
4700
4750
4800
4850
4900
4950
5000
5050
5100
5125
5130
5150
5170
5200
5250
5300
5400
6000
6050
6100

GOSUB 5100
R=DN-B*Q
DN=R*10
IF SKIP$="TR(je" THEN 3750
IF COUNTERS THEN 3450
FOR C2=1 TO COUNTER
IF R=R(C2) THEN 3600
NEXT C2
COUNTER=COUNTER+1
R(COUNTER)=R
GOTO 2850
MAGICR=R
SKIP$=MTRUEM
GOTO 2850
IF R=MAGICR THEN GOSUB 4900
IF C3=1 THEN C4=C4+1
GOTO 2850
GOTO 4000
RETURN
REM
PRINT:PRINT
PRINT:PRINT NU"/"DEM = ”STR$(ZZ)".";
FOR C5=1 TO COUNTER
PRINT Q$(C5);
NEXT C5
PRINT"
FOR C6=COUNTER+1 TO C0UNTER+C4
PRINT Q$(C6);
NEXT C6
PRINT" ..."
PRINT:PRINT"THE PERIOD OF THIS EXPANSION IS "C4
PRINT
PRINT"DO YOU WANT TO DO ANOTHER ONE?"
INPUT"YES (Y) OR NO (N) ";A$
IF A$="Y" THEN 1150
RUN"CHOICE"
END
REM
C3=C3+1
IF C3=2 THEN 3900
RETURN
REM
T=T+1
IF T< = 2 THEN 5300
Q(Z)=Q
IF Q>9 THEN Q$(Z)=MID$(STR$(Q),2,LEN(STR$(Q))-1):GOTO 5250
Q$(Z)=MID$(STR$(Q),2,1)
PRINT Q$(Z);
Z=Z+1
RETURN
REM
CLS
l
PRINT"THIS PROGRAM WILL CHANGE A REPEATING DECIMAL (less than 1)
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6150 PRINT"TO A FRACTION WRITTEN IN LOWEST TERMS":PRINT:PRINT
6200 PRINT TYPE IN THE DECIMAL (._) UP TO THE END OF THE 1st
PERIOD :PRINT
6250 INPUT" = = => ";DEC$
6300 ZZ=LEN(DEC$):PRINT
6350 INPUT"WHAT IS THE LENGTH OF THE PERIOD ===> ";PERIOD:PRINT
6400 IF PERIOD > ZZ-1 THEN PRINT"PERIOD TOO LONG, TRY AGAIN":PRINT:GOTO
6450
6500
6550
6600
6650

RP$=RIGHT$(DEC$,PERIOD):COMP$=RIGHT$(DEC$,ZZ-1)
PRINT:PRINT
PRINT”CHECK FOR ACCURACY!":PRINT
PRINT DEC$" "RP$" ..."-.PRINT
INPUT'IF IT IS WRONG, PRESS <W>, OTHERWISE, PRESS <ENTER> ===>
” ;G$
6700 IF G$="W" THEN GOTO 6000
6750 PRINT:PRINT
6800 C2=LEN(COMP$):T=VAL(COMP$)
6950 IF C2=LEN(RP$) THEN BEG="":GOTO 7050
7000 BEG$=LEFT$(COMP$,C2-LEN(RP$))
7050 B=VAL(BEG$)
7100 NUM=T-B
7150 C5=LEN(BEG$)
7200 FOR 1=1 TO PERIOD
7250 B0T$=B0T$+"9"
7300 NEXT I
7400 IF C2=LEN(RP$) THEN 7600
7450 FOR J=1 TO C5
7500 BOT$=BOT$+"0"
7550 NEXT J
7600 DEN=VAL(BOT$)
7650 A=NUM:B=DEN
7700 GOSUB 9000
7750 NNUM=NUM/GCD:NDEN=DEN/GCD
7800 PRINT:PRINT
7825 PRINT DEC$" ,,RP$', ... = "NNUM"/"NDEN
7850 BOT$=""
7875 PRINT:PRINT
7900 INPUT"TRY ANOTHER? <Y>ES OR <N>0 ===> ";A$
7950 IF A$="Y" THEN 1150
8000 RUN"CHOICE"
9000 Q=INT(A/B)
9050 R=A-Q*B
9100 IF R=0 THEN 9200
9150 A=B:B=R:GOTO 9000
9200 GCD=B
9250 RETURN
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APPENDIX F.

EXPERIMENTAL ASSIGNMENTS AND ANALYSIS OF STUDENT RESPONSES
ASSIGNMENT—}Mj__Ana1s of Student Responses

STUDENT.
composites
composites.

You know that all whole numbers except 0 and 1 are
t«o factors), or opposite (m0re than two

Yon !n?T
S ab°Ut f1nding gg^utlve primes and
You will be using the computer program "Numcalc" to help

y uu i

Can you find two consecutive prime numbers? How many sets of two
consecutive primes can you find? How about three consecutive

Students quickly found 2 and 3 as consecutive primes. It took
approximately 15 minutes on average, to realize that there could
be no more sets because of the even numbers. 12 of the 17 students
discovered the idea of "twin primes", although the name did not
occur to them. They spent much time searching for more sets of
consecutive primes until one student screamed out (in front of the
others), Hey, none of the even numbers can be prime so this can’t
work!" Everyone else agreed and students went on to the next
problem. In group sessions discussion of this problem led to
questions about consecutive composites.
2.

Can you find two consecutive composite numbers?
composites? 4? 5? etc?

3 consecutive

The first pair is 8,9. The first triple is 8,9,10. The first set
of four is 24,25,26,27. The first set of 5 is 24,25,26,27,28.
Larger sets found included 90-96 for seven in a row, along with
60-66. Students found this problem easy to understand and
stimulating. All of them worked by factoring the numbers in order.
One student factored over 100 consecutive whole numbers, starting
with 2.
3.

What is the smallest number that contains the numbers 1 - 5 as
factors? How about the smallest number that contains 1-7? 1 10?

The idea of finding a least common multiple did not occur as such,
but many students started by multiplying all 5 (or 7, or 10)
numbers. One student suggested that you could divide such a
product by 2 and see if it still had all the desired factors. No
one saw that 1*2*3*4*5 has more than enough factors to satisfy the
problem and that 1*2*3*2*5 (using 4 = 2*2 produces a smaller
common multiple).
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4.

Find the largest prime number you can.
As seen earlier, the largest prime found by any student was
1000000007. Any guesses here were random. No student had any
plan. Almost all just typed any number they could think of.
Write down 5 statements you think are true about prime numbers.
The five most common statements:
1.
2.
3.
4.
5.

Primes contain exactly two factors.[F]
All the primes are odd except 2.[R]
They are evenly divisible by 1 and themselves.[F]
No two consecutive numbers can be prime (except 2,3).[R]
There are fewer primes among the larger numbers.[R]

These were nearly universal, although not every student came
up with 5 statements.

Assignment tH: Student Questions/Comments
NOTE: Questions on the workings of computer program and/or the
calculator have been omitted as not relevant to the study.
These have been compiled from all sources of recorded data:
author’s notes, student papers, observers’ notes, student
interviews. Some questions were asked more than once.
Does this count on my grade?[P]
What does consecutive mean?[F]
What is a prime number?[F]
Is this right? (asked ad nauseam)[S]
What should I do next?[P]
What is a composite number?[F]
Why isn’t ’1’ a prime?[A]
Why are we doing this?[S]
How do you know xxx isn’t prime? (Asked about numbers like
21, 27, 51, 57, etc.)[R]
How can you tell whether a number is prime?[RJ
What do prime numbers look like?[R]
I thought sure 121 (or 57, 91, etc.) was a prime, what
happened?[A]
All prime numbers except two are odd.[FJ
There are fewer primes among the larger numbers. Some
students wanted to do a frequency distribution to prove
this.[R]
.
No two consecutive numbers can be prime.LAJ
Primes have exactly two factors.[F]
There are many different sets of n consecutive composite
numbers.[A]
There can’t be a largest prime. You can always find a bigger
one.[A]
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qnnn7St"?rimeS: 98317’ 100000007, 10003337, 97777, 90073,

yuuu'> it is unconceivable."[A]
I think prime numbers are unique.[A]
Prime numbers can be fun, educational.[A]

numberSa[A]end
*"
d'9it- They are follo',ed b* «ven
I don t get how these numbers work![S]

ASSIGNMENT—#2:

Analysis

of Student Responses

TO THE STUDENT: When two whole numbers are divided, rarely does the
answer come out even". Usually there is a remainder (when they come
out even, the remainder is 0). If you use decimals to do the division,
the answer is usually a repeating decimal. Use "DeciFrac" to help you
investigate the following problems.
1.

Find the decimal answer to 1 : 2. This is the same problem as
finding the decimal for the fraction 1/2. Then find the decimals
for other fractions: 1/3, 1/4, 1/5, 1/6, etc. up to 1/20.
1/2 = .5
1/4 = .25
1/6 = .166...
1/8 = .125
1/10 = .1
1/12 = .08333.
1/14 = .07142857142857..
1/16 = .0625
1/18 = .0555...
1/20 = .05

2.

1/3
1/5
1/7
1/9

= .333...
= .2
= .142857142857...
= .111...
1/11 : .090909...
1/13 : .076923076923...
1/15
.0666...
1/17
.058823529 (repeats 16 digits)
1/19 • .052631578 (repeats 18 digits)

Can you tell by looking at a fraction whether or not it will have
a repeating decimal? If you can, explain how. If you can’t try
some more fractions. Use “NumCalc" to find the prime
factorization of each denominator. Compare the factorizations of
the denominators that are from repeating decimals with those from
non-repeating decimals.
'

The denominator must contain only the prime factors 2 and 5. No
students were able to come up with this idea, although many
flirted with it by trying to deal with denominators ending in 0
and 5. Many became frustrated or even angry because their ideas
could so easily be contradicted (by the instructor). For example,
a common suggestion was that the denominators all had to have 0 or
5 as the last digit. Showing them 8 and 16, ones they had just
done was extremely frustrating for them. The requirement of
refining their guesses to make them more suitable was onerous. To
a one they wanted the quick and easy fix.
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3.

Find a fraction with a large repeating part in its decimal. How
large a repetend can you find for denominators less than 100?
Less than 1000? How short a repetend can you find for
denominators less than 100? 1000?
The fraction 1/97 was the first choice because most students
started with 1/99 and worked their way backward. In the same way,
1/997 was selected after starting with 1/999.

4. Make up 5 questions about fractions and their decimals that you
think might be fun to explore.
1.
2.
3.
4.
5.
6.

7.

8.

9.
10.
11.

Is it possible to have two fractions that have the same
decimal?[R]
Is there a pattern to the decimals and fractions?[R]
How many fractions repeat as decimals?[R]
Are there numbers that have an infinite expansion?[R]
Where does pi end? How would you find out?[R]
Find out why some repeating decimals are repeating the same
numbers and others are having many different repeating
numbers.[A]
Find out how much of a certain number is found in the
repeating decimal in a given pattern (how many 7’s are there
in the various patterns).[R]
Does 1/3 exactly equal its decimal equivalent?[F]
Find a fraction with exactly a certain number of digits in
its repeating pattern.[R]
Find a fraction that has 21 0’s at the beginning of its
decimal run?[R]
How long would it take the computer to make a number of
1/77789 ?[R]

Assignment #2: Student Questions/Comments
NOTE: Questions on the workings of computer program and/or the
calculator have been omitted as not relevant to the study.
These have been compiled from all sources of recorded data:
author’s notes, student papers, observers’ notes, student
interviews. Some questions were asked more than once.

—

—

Why do they expand fractions like this?[F]
Why can’t you just leave it (the decimal division) with a
remainder?[F]
Why are we doing this?[S]
What do the bars over the numbers mean?[FJ
What does this mean? (about any number of things which
appeared on computer screens[F]
How does the computer do this so fast?[FJ
How can you tell it’s going to repeat?[A]

decimal?U]b1e ^ haV6 tW° fractl0ns that have the came
r Pabt8rn to the decimals and fractions?[A]
How many fractions repeat as decimals’ll!]
Wh! isn’t numbera that have an infinite expansion?]!!]
22/7 -

3

i4,«?7a

t0 l2(l 7 Usked after a ^udent found that

on her calculator'fo?'f)W
U l° th* d6Clma' 9We"
Where does it end? How would you find out?[R]

Does 1/3 exactly equal its decimal equivalent?[F]
numbers?[R]631109 d6CimalS evenly sPaced out among the

ASSIGNMENT—#3j_Analysis of Student Responses
TO THE STUDENT: When two whole numbers are divided, rarely does the
answer come out even". Usually there is a remainder. If you use
decimals to do the division, the answer is usually a repeating decimal.
Use DeciFrac to help you investigate the following problems.
1. Find the decimal answer to 1 -s- 7. This is the same problem as
finding the decimal for the fraction 1/7. Then find the decimals
for the other "7ths" (2/7, 3/7, 4/7, 5/7, 6/7). What do you
notice about them?
1/7 = .142857

2/7 = .285714

3/7 = .428571

4/7 = .571428

5/7 = .7142857

6/7 = .857142

These decimals have the same digits in the same order, but begin
at different places in the cycle.
2. Add the decimals for 1/7 and 6/7. Then do the same for 2/7 and
5/7, and for 3/7 and 4/7. What’s wrong? Why don’t the answers
come out to equal 1?
1/7 + 6/7 = .999...

2/7 + 5/7 = .999...

In fact, .999... is equal to one!

3/7 + 4/7 = .999...

There is nothing wrong.

3. Repeat the two problems on the first page, only this time do the
”13ths“. That means first, find the decimal answer to 1 : 13 (or,
1/13), then do 2/13, 3/13, etc. Anything the same as for the
7ths? Anything different? Add the right decimals so that the
answer should be 1 (2/13 + 11/13, 4/13 + 9/13). Do you get 1?
1/13 = .076923

2/13 = .153846

3/13 = .230769

5/13 = .384615
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4/13 = .307692

6/13 = .461538

9/13 = .692307

7/13 = .538461

10/13 = .769230

8/13 = .615384

12/13 = .923076

11/13 = .846153

The cyclic nature of the 13ths was seen by all, but not without
difficulty. As with the 7ths, when the sum of the fractions is 1,
the sum of the decimals is 0.999...
Students almost universally fought this result, insisting that
0.999... could not be 1, even though they accepted that there
seemed to be no trick to the problem. Weeks later, the question
still arises.
4. Write down 5 questions you have about these problems?
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.

Can you round to get one?[A]
Could you tell, without ever doing the problem, what the
answer is?[A]
Why, in the 7ths, do the other numbers (3,6,9) not appear?[A]
What is going on?[S]
Why do all fractions eventually repeat their decimals?[A]
Can you multiply with repeating decimals and produce whole
number answers?[A]
What is the fractional equivalent to .0666... ?[A]
Why does .999... = 1 ?[R]
Are there any numbers besides the ones in these problems that
the same thing happens to?[R]
Does this work with all fractions going in order?[R]
Would even numbers for the denominator work?[R]
Can you have a numerator bigger that the denominator and
still have this work?[R]
Can these cycles be broken?[R]
Why do all the 13ths have the same digits?[A]

Assignment #3: Student Questions/Comments
NOTE: Questions on the workings of computer program and/or the
calculator have been omitted as not relevant to the study.
These have been compiled from all sources of recorded data
author’s notes, student papers, observers notes, student
interviews. Some questions were asked more than once.
They are the same numbers running through a cycle of
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different placement (referring to the repetends for the 1/7
ths).[A]
I don’t get it.[S]
How come all the numbers are the same?[A]
Does this only work for 7ths?[R]
Thl f1;6 ^he fufSt numbers (digits) in numerical order?[A]
first number of every second one Is repeated in the next
one. (said about the 13ths)[A]
Is this right?[S]
n!^rS^^eyuareJi;epeat1n9 decimals> the entire number can
never truly be added to another.[A]
What good is this repeating decimal stuff?[S]
They are the same numbers running through a cycle of
different placement.[A]
How can I use this in my life?[S]
This doesn’t make any sense. (.999... = 1)[S]

ASSIGNMENT_84: Analysis of Student Responses

TO.THE STUDENT: Study the picture of a triangle on this page. It has
a vertex" at A and a "base" along side BC. The object of this
assignment will be to find out how to draw a line which cuts the
triangle into two pieces both having the same area. You will be using
the "Geometric Supposer" to help you on this one.
1.

First, try to find where to draw the line if it must go through
point A before it enters the triangle. Try enough examples so
that you are sure you have developed the correct rule. Use the
space below to draw and label a picture of your solution. Use a
ruler, do a neat job.

Students seemed to know
instinctively that the way to do
this problem was to bisect the base
(no one knew the vocabulary). One of
the students found a way of
bisecting the base by folding the
paper to lay the base upon itself.
She then drew the median and showed
everyone else how to do this.
Students checked the method by using
the Supposer to draw some medians
and measure the two regions.
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2.

The next way to draw the line requires that you draw it so that It
crosses AB and AC and stays parallel to the base, BC. Again, draw
a neat picture of your solution.

The universal first choice was
to bisect one of the obliques
and then draw the parallel to
the base through the midpoint.
They were shocked to find out
that this did not produce equal
regions. After a period of
confusion most began to try
other placements, the method of
choice being the divide and
average method as illustrated
in the diagram at the right.

l

c.

3.

Next, think about this rectangle.

Think of 5 ways you could cut

you carTthin^ofH
Mak9 drawings to show your solutions.
you can think of more than 5 ways, show the others as well.
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Ass 1 anmerr^ tt4: ,S_tudent Quest 1 ons/Comment$
NOTE: Questions on the workings of computer program and/or the
calculator have been omitted as not relevant to the study.
These have been compiled from all sources of recorded data:
author’s notes, student papers, observers’ notes, student
interviews. Some questions were asked more than once.
Why can’t you just draw the line straight down (meaning
perpendicular to the base)?
You can’t do this one. (about problem 2)
I divided it in half, why isn’t it the same?
Is this right?
There’s lots of ways to cut a rectangle in half!
What if we can do it in more than 10 ways?
What is half of a half?
Why doesn’t this come out right?

ASSIGNMENT

tt5; Analysis of Student Responses

TO THE STUDENT: In this assignment you will be asked to do one
experiment first, and then do another which depends on the first. So,
try to think about the first problem while you are doing the second.
You can use some drawing instruments, or the "Geometric Supposer" to
help you.

1.

Try to find a point exactly halfway between X and Y on the line
segment below. When you have done that, try to find other points
which are the same distance from X as they are from Y but which
are not on the line. Try to show how by drawing a picture below
which explains whatever methods you come up with.
Nine of the seventeen students generalized from the previous
exercise immediately. They creased the paper to find the midpoint
of XY and went straight to measuring the distances of other points
on the crease, exclaiming loudly to "just fold it like we did
before!" The activity then became a large group activity as the
students began working together to do each of the succeeding
problems - all of them using the method of creasing.
Foup

X

Y

.

2

located^ither^n^irt”3"9'6'

Try t0 find ~'19 Point (it might be

th^sl dis? „« dreom0ea°ch^ d:hnhthtrian9,:, Wh,Ch ,S
Again, try to show y^suUs*!^™ £u™?#S °f th9 tr1a"9’8Proceeding from the first
problem the students led each
other to the discovery of
creasing each side of the
triangle and noticing that the
creases met at a point. The
first one to discover this fact
demanded to know its
significance. When told that he
would have to figure that out
for himself he said, "OK, I
will." Another student, son of
a carpenter, had a ruler with
slots in it and inadvertently
used a pencil point in one slot
as if he were going to make a
compass out of it and noticed
that he could draw a circle.
His first attempt at that
produced the desired
circumscribed circle and the
significance was discovered.

Assignment 85: Student Questions/Comments:
NOTE: Questions on the workings of computer program and/or the
calculator have been omitted as not relevant to the study.
These have been compiled from all sources of recorded data:
author’s notes, student papers, observers’ notes, student
interviews. Some questions were asked more than once.
Can we use a ruler?
How can you use a ruler, there’s nothing to measure?
How can there be points like that (equidistant from the
endpoints) if they can’t be on the line?
These creases come together!
What does a circle have to do with it?
Is this right?
What happens if you have a different triangle?
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